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Abstract 

We study the light vector and axial- vector mesons. According to the hadrogene- 
sis conjecture the nature of the two types of states is distinct. The axial-vector 
mesons are generated dynamically by coupled-channel interactions based on the 
chiral Lagrangian written down in terms of the Goldstone bosons and the light 
vector mesons. We propose a novel counting scheme that arises if the chiral La- 
grangian is supplemented by constraints from large- Ac QCD in the context of the 
hadrogenesis conjecture. The counting scheme is successfully tested by a system- 
atic study of the properties of vector mesons. The spectrum of light axial-vector 
mesons is derived relying on the leading order interaction of the Goldstone bosons 
with the vector mesons supplemented by a phenomenology for correction terms. The 
/i(1282), 61 (1230), /ii(1386), ai(1230) and Ai(1272) mesons are recovered as molec- 
ular states. Based on those results the one-loop contributions to the electromagnetic 
decay amplitudes of axial- vector molecules into pseudo-scalar or vector mesons are 
evaluated systematically. In order to arrive at gauge invariant results in a trans- 
parent manner we choose to represent the vector particles by anti-symmetric tensor 
fields. It is emphasized that there are no tree-level contributions to a radiative decay 
amplitude of a given state if that state is generated by coupled-channel dynamics. 
The inclusion of the latter would be double counting. At present we restrict our- 
selves to loops where a vector and a pseudo-scalar meson couple to the axial- vector 
molecule. We argue that final and predictive results require further computations 
involving intermediate states with two vector mesons. The relevance of the latter is 
predicted by our counting rules. 
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1 Introduction 



The spectrum of light axial-vector mesons is one of the key objects to be 
studied in QCD. The main objective is to unravel the effective degrees of free- 
dom responsible for the formation and decay properties of axial- vector states. 
Commonly the relevant degrees of freedom for the vector and axial- vector state 
are assumed to be constituent quarks [l|2j . This picture was challenged by the 
hadrogenesis conjecture, which proposed the meson spectrum to be generated 
by coupled-channel dynamics in terms of a preselected set of hadronic degrees 
of freedom [3P] . which we would call 'quasi- fundamental' degrees of freedom. 
Indeed in jl] it was demonstrated for the first time that the leading order 
chiral interaction of the Goldstone boson octet with the nonet of light vector 
mesons gives rise to an axial-vector spectrum that is amazingly compatible 
with the empirical one. This work hints at the possibility that the effective 
degrees of freedom forming the vector and axial-vector states are distinct from 
each other. A recent analysis of the spectral distribution of the ai meson as 
seen in the r decay [5l6] supports this picture. 

Additional clues about the effective degrees of freedom were brought by anal- 
ogous studies in the open-charm sector of QCD. Based on the leading order 
chiral interaction of the Goldstone boson octet with the open-charm triplets of 
pseudo-scalar and vector mesons a realistic spectrum of scalar and axial- vector 
molecules was derived first in [71fS]. In this case the dynamics is constrained 
further by a spin symmetry of QCD which arises in the limit of a large charm- 
quark mass. The pseudo-scalar and vector Z^-meson ground states degenerate 
as the charm-quark mass turns large. Thus it appears quite natural to iden- 
tify the pseudo-scalar and vector-meson ground states as quasi-fundamental 
degrees of freedom. 

More recently the radiative decay amplitudes of the scalar and axial-vector 
open-charm mesons with strangeness were studied in the hadrogenesis conjec- 
ture [9J. The computation respects constraints from chiral and heavy-quark 
symmetry. It was pointed out that in a coupled- channel framework it is ad- 
vantageous to represent the vector particles in terms of anti-symmetric tensor 
fields. This facilitates the derivation of gauge-invariant radiative decay ampli- 
tudes significantly. Though in general the physics should be independent on 
the choice of fields, in a non-perturbative approach like coupled-channel dy- 
namics, certain field choices may be superior if they lead to a more transparent 
realization of the electromagnetic gauge symmetry. 

A first attempt to derive some radiative decays of the 6i(1230) and the ai(1230) 
within a coupled-channel approach can be found in [TOj. Though the numeri- 
cal results are compatible with the empirical constraints the work suffers from 
conceptual inconsistencies. The study allows for a gauge-dependent transition 
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of the neutral vector mesons po, UJ and into a photon, i.e. the Lagrangian 
contains terms of the form A^u^ etc. The latter play a quantitatively sig- 
nificant role via tree-level contributions to the only two computed decays 
65''(1230) — > 77r+ and a5^(1230) — >• 771+ [TU]. However, such couplings are 
consistent with the electromagnetic gauge sjTumetry and chiral constraints of 
QCD only if the vector mesons are treated in the hidden local-gauge sym- 
metry approach |lT] or the massive Yang-Mills approach (see e.g. the review 
[12]). The coupled-channel part of [lOj does not respect any non-abelian gauge 
symmetry: it is performed starting from the leading order chiral Lagrangian 
as suggested first in [4J. As a consequence the realization of electromagnetic 
gauge invariance in [10] is obscure. A prescription, that appears incompatible 
with the way the coupled-channel dynamics is set up, is used. Moreover, as 
was emphasized in [9] there are no tree-level contributions to the radiative de- 
cay amphtudes of a given state if that state is generated by coupled-channel 
dynamics. Thus in order to arrive at solid results it is important to perform 
more systematic computations based on the chiral Lagrangian and rules of 
power counting. 

The theoretical and experimental literature on the radiative decay proper- 
ties of axial-vector mesons is quite fragmentary. A quark model computation 
by Rosner [13] addresses the a^(1230) — 771^ and 6f (1230) — > 7 vr^ pro- 
cesses only, a small subset of possible radiative decays of the axial-vector 
states /i(1282),6i(1230),/ii(1386),ai(1230) and 7^1(1272) considered in our 
work. Similarly the hadronic tree-level model of Roca, Palomar and Oset [2] 
provides decay branchings of the ai(1230) and 61 (1285) into a photon and 
a pion only. Radiative decay modes of axial-vector states with pseudo-scalar 
mesons in the final states have been studied in the quark model by Aznau- 
rian and Oganesian [15]. The study recovers the empirical branching of the 
61(1230) meson into the jir final state and includes axial- vector mesons with 
strangeness. A more systematic computation is due to Ishida, Yamada and 
Oda [2j who apply the covariant oscillator quark model to the radiative de- 
cays of axial-vector mesons including decays with vector mesons in the final 
state. However, like in the previous attempts by Rosner and Roca et al. the 
empirical decay fraction of the 61 (1230) meson into a photon and a pion can 
not be reproduced at all. The Particle Data Group [TH] quotes firm branching 
ratios for the three processes 6i'(1230) 7vr+, /i(1282) 7p, 7 only. 

The purpose of the present work is to challenge further the hadrogenesis con- 
jecture by a systematic study of the radiative decay processes of light axial- 
vector molecules. Based on the chiral Lagrangian written in terms of the Gold- 
stone boson octet and the nonet of light vector mesons we study the properties 
of vector and axial-vector mesons systematically. Novel chiral power counting 
rules that rely on the hadrogenesis conjecture supplemented by constraints 
from large-iVc QCD are developed in this work. In a first step the counting 
rules are applied successfully to the decay properties of the light vector mesons. 
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We choose to represent the vector mesons in terms of anti-symmetric tensor 
fields. This streamhnes the reahzation of electromagnetic gauge invariance in a 
non-perturbative context, like the coupled-channel approach we use to gener- 
ate the axial-vector molecules, significantly. We compute the radiative decays 
of the axial- vector molecules with a Goldstone boson or a vector meson in the 
final state. However, we confine ourselves to processes where the molecule cou- 
ples to a vector and a Goldstone boson. From the previous work |^ and also 
from our novel power counting rules we expect our study to be partial since 
contributions from two intermediate vector mesons will not be considered in 
this work. Thus the main purpose is to establish the various contributions 
implied by the channels involving a vector meson and a Goldstone boson. 

The paper is organized in the following way: We demonstrate in section [2] how 
the axial-vector mesons can be generated from the coupled-channel dynam- 
ics of Goldstone bosons and vector mesons. In section 12.11 the results of [1] 
based on the leading order chiral Lagrangian are reviewed and translated to 
the tensor representation of vector mesons. This leading-order calculation is 
improved in section [2^ by the inclusion of chiral correction terms. Novel rules 
of power counting in the presence of vector mesons are developed in section [31 
The pertinent leading order Lagrangian is detailed in section 13.11 and applied 
to the decay properties of vector mesons in section [321 Section [His devoted to 
the calculation of the radiative decay amplitudes of the axial- vector molecules. 
We present the general formalism in sections 14.11 and 14.21 for the radiative de- 
cay branches with a pseudo-scalar or a vector meson in the final state. In 
sections 14. 3114. 71 we discuss separately the results for the various axial- vector 
mesons. Finally we summarize our results in section [SI Technical issues and 
longer formulae are delegated to five appendices. 
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2 Axial-vector molecules from coupled-channel dynamics 



We set the stage for our study of radiative decays of axial- vector mesons. In a 
first step the axial-vector mesons are formed by coupled- channel dynamics as 
derived from the chiral Lagrangian. We follow [9] and choose to represent the 
vector mesons in terms of antisymmetric tensor fields [T7lll8lll9j . In [9] it was 
worked out how to adapt the coupled- channel formalism of [7] to the case of 
tensor fields. We briefiy recall the main motivation and results. Representing 
the vector particles in terms of anti-symmetric tensor fields prevents scalar 
modes to mix with longitudinal vector modes. This mixing phenomenon would 
cause severe complications when establishing gauge invariant amplitudes in a 
non-perturbative framework [9j. 



2.1 Chiral coupled- channel dynamics at leading order 



We construct an effective hadronic interaction, based on the chiral Lagrangian 
for the Goldstone bosons and vector mesons. Consider the kinetic term for the 
vector mesons, written in terms of a covariant derivative, D^, as to respect 
the chiral SU(3) symmetry, 

Ckin = -\ti {iD^V^^)iD,Vn} + lrnl.ti {V'^-'V^,}, (1) 
with the anti-symmetric field V^,y = — and 



V, 



V2K, 



V2 



(2) 



The covariant derivative, D^, in ([T]) involves the Goldstone boson fields in 
a manner that the chiral Ward identities of QCD are transported into the 
effective field theory under consideration (see e.g. [20]). We recall 



D^, V^p = V^p + [r^, V^p]_ +ieA^ [Q, K/?]. , 

= ^ (n"^ df,u + udf,u'') , u = exp , (3) 

where e = 0.303 is the electromagnetic charge and f c:^ f^^ may be identified 
with the pion-decay constant, /^r = 92.4 MeV, at leading order. A precise 
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determination of / requires a chiral SU(3) extrapolation of some data set. In 
[2T] the value / ~ 90 MeV was obtained from a detailed study of pion- and 
kaon-nucleon scattering data. We will use / = 90 MeV throughout this work. 

The photon field is denoted by A^. The Goldstone boson field, and the 
charge matrix, Q, are normalized as follows: 



^.0 + ^, 
V2K- 



-TT 



\ 



(2 

3 



Q 



V2K^ - 2 



0-1 










(4) 



'3/ 



We extract the leading order two-body interaction, the Weinberg- Tomozawa 
term, from ([T]). Expanding the chiral connection, F^, in powers of the Gold- 
stone boson fields we identify 



WT '■ 



16 f 



(5) 



The result ([5]) is the starting point for a coupled-channel analysis of light 
axial-vector molecules analogous to the study |1] based on the vector-field 
representation. As already pointed out in [H] one expects only minor differ- 
ences. We focus here on the = 1"*" channels, where the scattering amplitude 
takes the form 



^on-shell _ 3 r /«V^ _ X /«V^ _ X 

[~~;^ )PP+Pf^ [—^ 9i^f3 ) Pa\ M{s) + ■ ■ ■ , (6) 

with Wfj, = p^ + q^ = Pn + qfj,. The dots in represent additional contributions 
from partial waves other than 1+. The momenta p^, and p^, denote the in- 
and out-going momenta of the vector and pseudo-scalar mesons, respectively. 

The invariant amplitude M{s) is computed in terms of an effective matrix 
interaction, V{s), and a diagonal loop matrix, J{s), with 



Mi 



V{s)J{s) V{s). 



(7) 



The matrix structure of the scattering amplitude is defined with respect to 
states of well defined isospin, where we apply the convention introduced in 
For the readers' convenience the latter is recalled in Table [H Each diagonal 
element of the loop matrix depends on the masses of the pseudo-scalar and 
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(0,+2) 


(l,+2) 


(i+i) 














(0+,0) 


(o-,o) 


(l+,0) 


(i-,o) 


(1 i7< K^^-K^^ K)) 




\i (KuK^,, + K,,^uK)j 




(2,0) 





Table 1 

The coupled-channel states of the various sectors characterized by isospin (/), G- 
parity (G) and strangeness {S). We write (1*^,5). The Pauli matrices at act on 
isospin doublet fields K, K^i, and K, K^^, with for instance K^y = 
The 4x2 matrices Tj describe the transition from isospin-^ to | states. We use the 
normalization implied by T • T^^ = 1 and T^Tj = 5ij — ^ o"j aj. 

vector meson, m and M, that constitute the associated coupled-channel state. 
It holds 



J{s) 
Us) 



{--- ■ 



+ 



'1 m2 + M2 
2 m2 - M2 



M2 



2s 



In 



m 
M2 



/(O) 



where ^/s = ^ M 2 + p2 + ^rn? + p1^. The values of the matching scale, 
/xm, are taken from The loop functions are folded with realistic spectral 
distributions whenever a p or a K* meson is involved as described in [3]. It is 
left to recall the effective interaction V^j (s) implied by ([5]). According to [9] it 
holds 



?, s - M- M- m- 
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where the matrix C^'^'' was already specified in 0] (see also Table 2). In ([9]) 
the parameters M and M denote the masses of the vector mesons in the initial 
and final state respectively. The parameters m and rh stand for the masses 
of initial and final Goldstone bosons. Except for small SU(3) breaking effects 
the expression ([7]) is equivalent to the formal result of [1]. As a consequence 
the striking success of [1] in generating the spectrum of low-lying axial vector 
mesons is matched. 

Since we aim at a computation of radiative decay widths of the axial-vector 
mesons generated by coupled-channel dynamics it is important to consider 
correction terms as to obtain more realistic resonance masses and hadronic 
coupling constants. At leading order where no free parameters are encountered 
we observe typical discrepancies of (50-100) MeV only [1]. 

2.2 Phenomenology of chiral correction terms 

In this section we construct a phenomenology how to model correction terms 
for the effective coupled-channel interaction ([9]). In a chiral expansion of the in- 
teraction at subleading order one would consider contributions from the u- and 
t-channel exchange processes of the Goldstone bosons and possibly also from 
the light vector mesons. However, it should be stressed that no chiral counting 
scheme is established so far, that can be applied to the coupled-channel system 
of section 12. 1[ In particular the treatment of the u- and t-channel exchanges of 
the Goldstone bosons is unclear. This is because the Goldstone bosons in such 
processes are not necessarily soft always. On the one hand, it is reasonable 
to expect that the effect of the exchange of light vector mesons can be mim- 
icked by appropriate local two-body counter terms. On the other hand, the 
effect of u- and t-channel exchange processes of the Goldstone bosons should 
be considered explicitly. Our request is motivated by the observation that the 
implied coupled-channel dynamics is rather complicated with overlapping cut 
structures and anomalous threshold effects. Unfortunately, a straight forward 
application of the on-shell reduction scheme ^Ij would fail due to close-by 
left-hand cut structures. 

Thus we follow here a more phenomenological approach where we assume the 
average strength implied by the exchange processes of Goldstone bosons and 
light vector mesons to be modelled by effective two-body counter terms. The 
effects of additional inelastic channels, like the vector- vector channels, are also 
lumped into such effective interactions. As a guide we use chiral counter terms, 
which will be constructed systematically in the following. 
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We develop chiral correction terms that are relevant for s-wave interactions. 
Here we will rely on the standard counting only, which assigns the current 
quark masses to scale with Q^, V^i, ~ and 9^$ ~ (see e.g. P^23f24] ). In 



a covariant approach the form of local counter terms is not necessarily unique, 
i.e. one may choose from various representations at a given order. This holds 
if derivatives acting on the vector fields are counted as 9^ ~ in contrast 
to the order they are counted if they act on Goldstone boson fields. The 
difference of the possible realizations is, however, suppressed in chiral powers. 
Our choice will be to construct the terms that involve the minimal number of 
derivatives acting on the vector fields. A more thorough discussion of counting 
rules will be given in the next section, where we develop a novel expansion 
scheme that combines chiral and large- A^c properties of QCD in the context of 
the hadrogenesis conjecture. The parameter N^. denotes the number of colors. 



At order there are two types of terms which one has to consider. 



The 



ones that break the chiral SU(3) symmetry explicitly are proportional to the 
quark- mass matrix of QCD f25]. It holds 



= \b,ti [V^^ V,.} tr [x+} + \ bi tr {V,.} tr {^^^ x+} 
+ 1 h tr {V,.} tr {V^-^} tr + ^ &d tr {v^^ V,. x+} , 



1 +1 t t 

where the field u was introduced in (13]) and 



(10) 



0^ 



Xo = 2Bo 



rud 
m, 



V 



m; 
ml 








:iii 



2 ml -ml J 



At leading order the diagonal matrix xo can be expressed in terms of the pion 
and kaon masses as indicated in fITT]) . Isospin breaking effects are neglected. 
The parameters &o,i,2 and 6/5 can for instance be determined from the pion 
and kaon mass dependencies of the 0- and i^*-meson masses as measured 
in unquenched QCD lattice simulations. Unfortunately at present this is not 
possible due to a lack of simulation data. Instead we consider further con- 
straints from QCD as they arise in the limit of a large number of colors N^. 

From large- Ac arguments one would expect the magnitude of 60,1,2 to 
be somewhat smaller than that of bo [26j. This follows, since 60,1,2 are coeffi- 
cients of an interaction term that involves a double trace in flavor space. The 
latter are suppressed by l/Nc as compared to single-flavor trace interactions, 
i.e. as is the case for the term proportional to bo- Note that the parameters 
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bi and 62 imply a mixing of the 00 and meson. The fact that such mixing 
effects are suppressed empirically supports the above argument that the latter 
parameters should be small. We will assume 69 = ^1 = ^2 = in the following. 

The parameter bn can be estimated from the mass splitting of the vector 
mesons. From 



2 2 2 I J 2 

= i^uj = 1^1- +bDm^, 

2 2 I I, 2 

m^, = m^- + bofrij^ , 

ml = ml.+bD{2ml-ml), (12) 



it follows 



6d = 0.92 ±0.05. (13) 

The fact that from the two possible mass differences m^-, —m'^p and m^—m"^ one 
derives a universal parameter bo with a spread of about 5% only, is amazingly 
consistent with the assumption 61 = 62 = |25] . 

The second class of terms we have to consider respects the chiral SU(3) sym- 
metry. We detail terms only that are relevant for s-wave interactions of vector 
mesons with Goldstone bosons. The following form is used in this work 



+ ^5o tr {y'^^y^^jtr + 1(^1 tr [V^^U^]ti [V^.U'^} 

+ ^92 ti {y^^-jtr {V;,}tr {f/,f/°} 

+ ^^3tr {y'^^f/,f/"}tr {V}, (14) 

where the field combination [/^ transforms like the vector meson field, V^,y, 
under chiral transformations (see e.g. [20]), i.e. 



+ ieA, 



(15) 



with introduced in ([3]) 



Note that due to large-Ai'c arguments, analogous to the ones applied above, 
one would expect the magnitudes of the parameters gos to be smaller than 
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Table 2 

The coefficients C,-]^"^'* , cif^"* , cjf ^ and ci^] that characterize the interaction of 
Goldstone bosons with vector mesons as introduced in ([5} [TOl [Ti|) and ([9l [TBI) . The 
coefficients are Hsted with respect to the channel labelhng of Table [H 

those oi go and gp. We point out that owing to such arguments one would 
expect that any of u- or t-channel exchange has a flavor SU(3) structure that 
can be linearly combined from the terms proportional to go and gp- Here we 
consider three-point vertices that are leading in large- A^c only. Recall that any 
such tree-level contribution from meson exchange processes is leading in the 
large- A^c world. This is an important observation since it justifies the neglect 
of the terms (70-3 even in our phenomenological approach in which we do 
not resolve the detailed cut structure implied by the various meson exchange 
contributions. We argue that the average strength can be represented by the 
counter interactions proportional to go and gp at least in an SU(3) symmetric 
world. Thus in this work we assume go = gi = g2 = 93 = ^ but use gp, and gp 
to tune some details of the axial- vector spectrum. 

Utilizing the results of [4J it is a straightforward exercise to derive the contri- 
bution of the terms (fTOl [Till to the effective interaction kernel. We obtain 
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Table 3 

Continuation of Table [2j 
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+ ASsMPM i^^^^^- /' ^^^^ 

where the matrices vl^'^\ C^^^'p and clf'^^ are specified in Tables |2H3] with 
respect to the channel convention of Table [TJ 

If in a given strangeness and isospin sector a resonance of mass Mi+ is formed, 
the scattering amphtude of ([7]), close to the resonance structure, has the form: 



3 Mi Mj s - Ml+ + i Vi+ Mi+ 



MiAs) ~ f , (17) 



with the dimensionless coupling constants gi and the hadronic width param- 
eter ri+. We provide the values for the resonance-coupling constants, gi, as 
extracted for axial-vector molecules. They determine the partial decay widths 



and play a central role in the determination of the radiative widths of the axial- 
vector molecules. As a consequence of the coupled-channel interaction (fT6|) the 
/i(1282), 6i(1230), /ii(1386), ai(1230) and 7^1(1272) states are dynamically 
generated. 

While we use a universal = 0.92 as suggested by the mass splitting of the 
vector mesons, the two parameters gn and gp are adjusted to reproduce the 
empirical masses and branching ratios. There is no universal choice of the two 
parameters that reproduces all masses and widths simultaneously, though in a 
given sector the two parameters suffice to reproduce the properties of a selected 
resonance. We take this as a hint that one better treats the u- and t-channel 
processes of Goldstone bosons explicitly. Once this is achieved we would expect 
universal values for the two parameters go and (^f- In Table H] we collect the 
results obtained for the various sectors with isospin (J), strangeness (S) and 
G-parity (G). The parameters of Table H] are obtained by Breit-Wigner fits to 
the scattering amplitudes, where we quote the mass and width as extracted 
from the dominant channel. The coupling constants of subleading channels 
are determined by an analysis of the transition amplitudes to the dominant 
channel. 

It is pointed out that in some cases the properties of the axial- vector molecules 
are quite sensitive to the spectral distributions of the p and K* mesons. While 
in the present and in the original work [1] realistic spectral distributions of the 



14 



d'^, s) 


fO+,0) 


(l+,0) 


(0^,0) 


fl~,0) 


(il) 




/i(1282) 


&i(1230) 


/ii(1386) 


ai(1230) 


i^i(1272) 


Mr fMeVl 


1282 


1230 


1386 


1260 


1272 


r [MeV] 


4 


142 


45 


500 


63 


91 


-1-41.0 


-1-9 1 


_i_n 1 

-|-U.i 


-Li 8 

-to.o 


_i_n A 


fin 




—1 n 


-1-0 Q 


-1-2 6 


-1-2 Q 






-1-2.3 


-1-2.5 




-1-1 1 






+4.2 


-2.0 




-2.5 


95 










+0.1 


9D 


-0.3 


+0.7 


-0.8 





+0.2 


9F 


+0.4 


-2.8 


+0.8 





-0.1 



Table 4 

Masses, widths and coupling constants for dynamically generated 1"*" states. The 
coupling constants gi are given in the isospin basis as specified in Table [TJ We use 
/ = 90 MeV and bo = 0.92. 

p and K* mesons are used, the follow-up work [27] relied on Breit-Wigner pa- 
rameterizations only. Though the latter facilitates the determination of poles 
on higher unphysical Riemann sheets, it does bring in further uncertainties. 
Since the search for poles on unphysical Riemann sheets requires additional 
numerical effort we refrain from doing so at a level where the uncertainties 
of the coupled-channel dynamics are certainly larger than the ones extracting 
resonance properties from the physical scattering amplitude as accessible in 
experiment. 

We discuss the various sectors. The mass of the /i(1282) can be reproduced 
with the choice go = —0.3 and gp = 0.4. The resulting width of about 4 MeV 
is somewhat larger than expected from [16], which gives an upper bound of 
(9.0 ± 0.4) % into the K K n channel and a total width of (24.2 ± 1.1) MeV. 
Within the present scheme it is, however, impossible to reduce the width. The 
properties of the /i(1282) molecule depend on the parameter combination 
Sgp — go — 1-5 only. The particular choice in Table H] is motivated by the 
requirement that the moduli of the two parameters gr, and gp are minimal. 
The counter terms pull down the resonance mass by about 70 MeV to its 
empirical value. 

The mass and total width of the 6i(1230) molecule can be reproduced by the 
choice gr) = 0.7 and gp = —2.8. The rather large value for gp is needed to 
reduce the width of the 6i(1230) down to the value of 142 MeV quoted in 
Table HI According to the Particle Data Group [16] the dominant decay mode 
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is the IT 00 channel. Though the total width is known quite accurately with 
(142 ± 9) MeV, information on partial decay widths are scarce. The effect of 
the counter terms is to pull down the mass by about 100 MeV to its empirical 
value. 

The mass of the /ii(1380) molecule is reproduced with gp = —qd = 0.8. The 
resulting width of 45 MeV is about half of the total width (91±30) MeV quoted 
in [L6\. The Particle Data Group [16] acknowledges that the dominant decay 
product is K K* + K K*, but leaves undetermined the branching fractions. 
The parameter choice is not unique. The particular values were selected by 
the requirement that the moduli of the two parameters go and gp are minimal. 
The counter terms push up the resonance by about 75 MeV to its empirical 
value. 

The properties of the oi molecule are most uncertain, due to its large width. 
Accordingly the values quoted in Table H] for the mass, width and coupling 
parameters should be taken cautiously. As was pointed out in [5] the prop- 
erties of the Oi molecule are best constrained by an analysis of the r decay. 
Since already the leading order result of [1] was shown to allow an amazingly 
accurate description of the ai mass distribution as seen in the r decay, we 
do not use non-zero values for go and (^f in this case. The effect of the finite 
bp) = 0.92 on the Oi properties is very minor. 

The properties of the i^'i(1272) molecule can be reproduced by the choice 
go = 0.2 and gp = —0.1. Here we aim at a width of about (69 ± 14)% of the 
total empirical width of (90 ± 20) MeV. According to [LGl the dominant decay 
with a branching fraction of (42 ±6)% goes into the K p channel. This appears 
roughly compatible with the coupling constants listed in Table HI The counter 
terms pull down the resonance by about 40 MeV to its empirical value. 



16 



3 Power counting in the hadrogenesis conjecture 



In order to compute the radiative decays of the axial-vector molecules gen- 
erated in the last section we need to couple the photon field to the hadronic 
degrees of freedom, the molecules are made of. The kinetic term of the vector 
mesons ([1]) involves the photon field ([3]). It contains a term providing the 
standard coupling of the photon to the charge of the vector mesons 



where we include a corresponding term for the Goldstone bosons. The latter 
is extracted from the kinetic term of the Goldstone bosons as expressed for 
convenience in terms of the field combination, f/^, of (IT^ with 



/:kin = /'tr{f/^f/t}, (20) 

where upon expansion in the fields $ and one recovers the first term on 
the r.h.s. of (fri]). 

It is important to realize that given the interactions ([3, [T^ only, the electro- 
magnetic decay amplitudes 1+ 7 0~,7l~ vanish identically. These decay 
processes probe 3-point hadronic vertices, which will be developed in the fol- 
lowing. 



3. 1 Chiral and large-Nc counting with vector mesons 



We construct the relevant hadronic interaction vertices. As a starting point 
consider the following list 



my h 



V 



h 



+ 1 e'^^"^ tr { ( V + {D^Vra) V,J) Up] 



+ ^^tr{^,y-f/.} + 4e-"/^tr{ 



(21) 



in terms of the dimensionless parameters hp, hy, hy, and Ba and the pa- 
rameter my, which carries dimension mass. The notation of the manuscript 
discriminates the mass of the light vector mesons mi- (see ([1])) and the scale 
parameter my, to which no counting power will be assigned. 
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For the anti-symmetric tensor e^uafB we use the convention of [9]. Additional 
structures with four or more vector fields are not contributing in a one-loop 
computation of the decay processes we are concerned about in this work. 
Therefore such terms are not included in fl2ip . Moreover, terms similar to the 
ones introduced in fl2T|) which involve more than one flavor trace are neglected. 
The reason being that such terms are suppressed in a large-A^^c world. The 
object x~ was introduced in ffTOj) . 

We consider only terms in fl2Tl) with up to two derivatives as they constitute 
the leading elements in a systematic derivative expansion of the fields. If one 
assigned formal chiral powers by 



V,.r^Ql, U^r^Q^, D^^Q^, X±~Q', (22) 

the terms of (pT!) are the ones that are relevant to chiral order Q"^. Note that 
fl22l) counts the covariant derivative as order irrespective whether it acts on 
Goldstone boson or vector-meson fields. At first sight such a counting is trou- 
bled by the fact that the empirical vector-meson masses are not really smaller 
than the chiral symmetry-breaking scale 4 7r/ ~ 1.13 GeV. This makes a scale 
separation difficult once decaying or virtual vector mesons are encountered. 
However, we would argue that at least as we increase the number of colors 
Nc away from the physical value Nc = 3 such a scale separation is possible. 
This follows since the chiral symmetry breaking scale 4 tt/ is proportional to 
the square root of whereas the pseudo-scalar and vector-meson masses 
approach finite values as Nc turns large [261(28] . To this extent we would ar- 
gue that the power counting rules (!22|) do not reflect so much a clear scale 
separation, rather than at least in part reflect a realization of a perturbative 
expansion in the small parameter l/N^. 

How about loop effects in the proposed scheme? Given a diagram with L loops 
the counting rules (122]) suggest the formal power Q'^ with 



p = 4L-2Iv-2lG + Y.Vidi, (23) 

i 

where ly and Iq denote the number of internal vector and Goldstone boson 
lines. In (1231) we sum over the number of vertices Vi of type i with their asso- 
ciated number of derivatives di. Applying the well known topological identity 
L = Ig + Iv — + I the formal power can be rewritten as follows 



= 2 + 2 L + {di - "2} . (24) 

i 

The formula fl24]) requires a detailed discussion. In a theory without explicit 
vector mesons is nothing but the celebrated power-counting rule of stan- 
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dard chiral perturbation theory. Since any vertex Vi comes with at least two 
derivatives we have di > 2 and consequently the larger L is the larger the 
chiral index u. This implies that in a chiral expansion multiple-loop effects 
are small. The situation is different once vector mesons are considered. In this 
case there is an infinite tower of vertices with di = 0. An example is given 
by the interaction of fl2T]) proportional to /ly. As a consequence, to a given 
order an infinite number of diagrams would contribute. Fortunately there is 
an additional element at our disposal that will remedy this problem. 

According to large- A^^c QCD a vertex with n mesons scales with A^^~"/^, i.e. 
the larger the number of mesons involved in a vertex the more its size is 
suppressed as the number of colors gets large [25]. From this we learn that 
besides the counting of derivatives we have to supply (1221) with an additional 
rule that counts the number of vector meson fields in a given vertex. We 
identify ~ N-'^/^ and assign an extra power 

g^-' for nv>2, (25) 

to an interaction involving ny vector field^l]- Since for ny > 4 the formal 
power turns larger or equal two it follows that such vertices are not causing 
any trouble in the loop expansion (see fl2^ ). The cases ny = 0,1,2,3 are 
discussed separately. 

A vertex with ny = does not involve any vector mesons and therfore no 
modification of fl22l) is required. In the absence of electromagnetic fields a 
vertex with ny = 1 involves at least two Goldstone boson fields which bring 
in two derivatives. An example is the term proportional to hp in fl2T|) . Again 
there is no reason for a modification of (1221) . The same holds for terms with 
ny = 2. This follows since we count the vector meson mass term as order 
ml ~ Ql. 

The case ny = 3 is less transparent. In fact, there is a single term only that 
causes complications and, therefore, requires a detailed discussion. It is the first 
term in (I2T!) proportional to hy. All other terms with ny = 3 have a chiral 
index equal or larger than two and we do not see any reason not to apply fl22| 
[251) . Applying (1251) to the troublesome term would give it a chiral index v = 1. 
As a consequence the 3-vector meson vertex would be non-perturbative. For 
instance the one-loop vertex proportional to h\r would receive the same chiral 
index u = 1 as the tree-level contribution. As a consequence the leading order 
3-point vector vertex had to be determined as a solution of an in-homogenous 
and non-linear integral equation: the driving term would be the tree-level 

^ Such an identification appears natural to the authors since the leading two-body 
interaction of the Goldstone bosons scales with l/f ~ l/7Vc ( see (j20p ). According 
to chiral counting rules this terms carries chiral power Q?,. 



19 



vertex to which its one-loop contribution had to be added where the bare 
vertices in the loop are replaced by the full vertex. At first sight it is unclear 
how to deal with this challenge. However, in view of the fact that large-A'^c 
counting rules would predict loop corrections to be perturbative always, an 
easy remedy would be to increase the chiral index of that troublesome term 
from one to two. As a consequence the 3-point vector vertex turns perturbative 
as expected from large- A'^c arguments. 

It may be useful to connect to a successful phenomenology that considers the 
light vectors mesons as non-abelian gauge bosons of a hidden gauge symmetry 
[TTfT^ . The latter suggests a correlation of the parameters hy and hp, i.e. 



hp my 



(26) 



but does not predict a vertex proportional to hy. This observation supports 
the increase of the chiral index of the /ly-vertex. As a consequence we will 
treat the first two terms of (1211) on equal footing in this work. Formally one 
may justify this by promoting the second and demoting the first term in 
fl2Tl) by one power. Then both terms would carry the same formal power 
and a perturbative treatment would suffice. The magnitudes of the coupling 
constants hy and hy will be constrained by the magnetic and quadrupole 
moments of the vector mesons. 



Additional electromagnetic interaction terms involve the field strength tensor 
F^u = ^^l Ay — dy A^. Such terms are a crucial element of effective field theories. 
They bring in the physics of processes where the photon couples to the charged 
degrees of freedom not considered explicitly. Chiral symmetry requests such 
terms to be constructed with particular field combinations, ~ Q^, that 
transform under chiral transformations like the fields, V^j^ and [/^, identified 
above. We recall from [20] 

ft, = \{uQu^±u^Qu)F^,. (27) 
At leading order Q'^ we identify two terms 



eymy 



{2i 



where we neglect further structures that involve more than one fiavor trac 

2 Note that the possible Q^- term e^^°^ tr { [V^^, /^^} is zero identically. This 

follows from the identity garea/s-rS = gaT^-ap-^s + gpr^^aa-fS + g-yT^a/SaS + gsrf-ap^a (see 
also 1291). 
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The latter are suppressed in 1/Nc. 



In order to explore the usefulness of the power counting rules ( l22l [25i) we con- 
struct a selected term of order Ql. We consider a single flavor-trace interaction 
that is linear in , 



Ura. = t e^^"^ tr { (/+ {D^Vro) + {D^Ka) ) , (29) 

in terms of the dimensionless parameter ca- It is stressed that we do not aim at 
a systematic study of order effects in this work. Such an enterprise would 
ask for the construction of additional terms as well as for a computation 
of various loop diagrams. The particular term fl29|) is instructive nevertheless 
since the magnitude of the parameter ca can be studied under the assumption 
that loop contributions can be absorbed roughly into effective counter terms. 
Given the values of such effective counter terms one may estimate the size of 
the corrections implied in the radiative decay amplitudes of the axial-vector 
molecules. 

The readers are pointed to the fact that the success of a power counting 
scheme rises and falls with the effectiveness of the naturalness assumption 
needed to truncate the infinite tower of operators in effective field theories. 
The latter assumption can rarely be proven, in particular in a situation where 
the underlying fundamental theory is poorly known only. It is argued that 
counting derivatives which act on vector fields as 'small' can be further justified 
by the following chain of arguments. At leading order in the 1/Nc expansion 
the n-body vector vertex must be asymptotically bounded as a consequence of 
the underlying quark-gluon dynamics (see also [30] and references therein). On 
the other hand there are no contributions yet from intermediate multi-meson 
states. The latter occur at subleading order in the 1/Nc expansion only. Thus, 
owing to micro-causality formulated at the level of hadronic degrees of freedom 
the n-body vector vertex must be point-like and involve only a minimal number 
of derivatives, as not to spoil its asymptotic behavior. Micro-causality leads 
necessarily to dispersion-integral representations of the n-body vector vertex, 
their spectral weights being determined by physical intermediate states. Only 
at subleading order in the l/N^ expansion the n-body vector vertices of our 
effective Lagrangian acquire non-trivial structure, that is represented by higher 
order derivatives on the vector fields. To this extent we deem it justified to 
take the power counting rules fl22l[25l) at least as a rough guide how to organize 
our expansion. 

We should point out the crucial assumption our power counting relies on. It 
is conjectured that the infinite tower of narrow meson states that arises for 
large-iVc in QCD [26] exhibits a gap, i.e. the lowest 0"*", 1"*" and 2"*" states are 
significantly above the lowest 0~ and 1~ states. If the masses of the large-iVg 
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scalar, axial-vector and tensor states are much larger than those of the first 
pseudo-scalar and vector states, the effect of the former states as well as of the 
excited pseudo-scalar and vector states can be lumped into local counter terms 
that permit systematic power counting rules. The latter conjecture is largely 
equivalent to the hadrogenesis conjecture that all meson resonances except 
the pseudo-scalar and vector ground states are generated by coupled-channel 

1 _|_ Q -|- 

dynamics in terms of the 0~, 1~ and ^ , | ground states. 
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3.2 Decay properties of vector mesons 



We continue with an estimate of the parameters introduced in the previous 
section. This will shed first light on the usefulness of the proposed power 
counting rules . 

The parameter hp in (1211) determines the p tt it, (f) ^ K K and K* ^ n K 
decay processes, with 

0.363 GeV, 
q^^ ~ 0.289 GeV, 

gem ^ 0.119 GeV. (30) 
Supplying fl30|) by the empirical decay widths [16j we estimate 



^(h->KK 




/ip = 0.29 ± 0.03 , (31) 

where we use / = 90 MeV and identify my = 776 MeV with the average of the 
p and uj mass. Note that the sign chosen in (!3T|) defines our phase-convention 
for the vector meson field. The uncertainty in (l3T!l reflects the fact which 
meson decay is used to determine the parameter hp. For instance, the choice 
hp ~ 0.26 reproduces the KK-mdth of the 0-meson and the value hp ~ 0.32 
the TTTT-width of the p-meson. A precise reproduction of the i^'vr-width of the 
K* meson requires hp ^ 0.30. 

The magnitude of the parameter ey as introduced in fl28l) is determined by 
the decay of the neutral vector mesons po,u and (p into di-electrons. It holds 



my Cy 

Att 48 m3 ^ 



4m 



m- 



- [2ml + m^ 



pj ' 



my Cy 

47r 9 X 48 mf, ^ 



4m^ 



mt 



e^ 2 my Cy 
47r 9 X 48 m? 



4m^ 



m3 



(2 ml + ml) 



2 m^ + m' 



(32) 



with the electron mass m^. From the empirical decay pattern [16] we obtain 
the estimate 
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ey = 0.22 ±0.02, 



(33) 



where the phase was prejudiced from the assumption of universally coupled 
light vector mesons PT|12II19] . 

The parameters /ly, hy and cm introduced in (^11 relate to the magnetic 
and quadrupole moment of the charged vector mesons at leading order in our 
expansion. Following the original works by Jones and Kyriakopoulos [T7|18y31] 
we derive the results 




1 J / m^N ^hv + hy I 

Q.; = -Qk^ = -\- [eu + (2 + 4) ^^^^ ^v) ^ (35) 



and 



2mK* ^ 12 

where we take into account the contributions implied by 1251) and identify 
again my = 776 MeV with the average of the p and u masses. Neglecting 
effects proportional to rup — rriuj the magnetic and quadrupole moments of the 
Po, and (j) mesons are zero identically. 

Here we count the hy- and /ly-vertices as order Q^. Note that the two mo- 
ments of the p meson would be determined in leading order by one parameter 
combination cm + 3/;,yey/4, if we counted the /ly- vertex as order Q^. On 
the other hand, if we counted the /ly-vertex as order Q^, its contribution to 
the magnetic moment would be dominant, in particular larger than the term 
proportional to e. We would deem such a scenario unnatural. 

We recall from [32][33] that if the p meson would be a point-like gauge bo- 
son it followed Pp+ = e/nip and Qp+ = —e/rrip. Empirically the magnetic 
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and quadrupole moment of the charged vector mesons are unknown, although 
a first quenched QCD lattice simulation is available [3^. There are various 
theoretical studies performed ^511361137] . QCD sum rules suggest the range 
/ip+ = e (0.6 — 1.4)/mp but don't provide so far an estimate for the quadrupole 
moment [351136] . Recent studies within the light- front quark model [3^ pre- 
dicted the values 



/ip+ ~ 0.96 — , ~ -0.43 . (37) 

Given the results fl37l) we derive the estimates 



Cm + ^ /iv-ey - 0.245 e, ^yev/~2.70e, (38) 

which may point towards the dominance of the /ly-vertex over the eM-,hv- 
vertices contrary to what would be expected from the power-counting rules 
(I22 l [25l) . Note, however, the possibility of a cancellation mechanism amongst 
the two terms cm and hy ey in fl38|) . The estimate fl38l) may be taken as a 
justification to demote the relevance of the /iy-vertex as argued for above. We 
note that the estimate 



hv^ 3.72, (39) 

suggested by ( l38|) and ( l33l) is somewhat smaller than the phenomenological 
value 5.39 implied by the relations (!26| [31]) . The two parameters cm and hy 
would be determined by (138]1 together with an estimate of the magnetic or 
quadrupole moment of the charged or neutral K* meson. It is interesting to 
explore the consequence of the particular choice cm = 0, which implies 



hv^0A5, fiKi ^ +0.90 , fiK* ^ -0.07 , 

g;^*~-0.37^, Q^. ~+0.06^. (40) 



Now we estimate the size of the parameters Ha, hA and ca introduced in fl2T] 
[29]) . They enter the computation of the radiative decay of the light vector 
mesons. We recall that a non-relativistic constituent quark model gives — 
2, whereas a relativistic chiral quark model predicts l/i^l — 1-5 [22]. This leaves 
undetermined the relative phase of the coupling constants hp and /i^. We 
take over the relative phase as suggested by any quark model, which predicts 
identical signs for the parameters hp and /i^- Such a phase correlation is 
implied for instance by the analysis of [9], where the consequence of the heavy- 
quark symmetry in the context of a phenomenological flavor SU(4) ansatz 
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leads to a correlation of the parameters hp, hy and Ha- It is amusing to observe 
that a projection onto the SU(3) subsector recovers fl26|) and suggests 



hp my 



Ha ^ 1.4, 



(41) 



a value roughly compatible with the above estimates. We point out, however, 
that it is necessary to determine the parameter Ha within the given scheme, 
i.e. by studying radiative decays of the light vector mesons. 

Indeed, one gets a consistent description of the decays p •yn, p ^ •yrj, 
uj '-fTT and uj ^ 7^7, if one uses the vertices f l2H [28| [29]) . The relevant 
parameter combination is readily established 



1 TTl 

eA = eA + -hACy - 2bA ey 



1 ' 

my 



where we identified my ~ mp ~ m^ for simplicity. It holds 



(42) 
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2 / "I^V^ 
2 / "^^V 



r„o_ 



2 / 777.^ \ 



P'^-^^ 24 x 48 7r (my/)2 
which together with / = 90 MeV and my = 776 MeV implies 



(43) 



le^l = 0.135 ±0.008. (44) 

According to the power counting rules we expect ca to be less important than 
the parameter combination Ha ey. The role of the parameter Ba is suppressed 
by ml /my in the decays of fH5]) . Using the empirical value ey ~ 0.22 from 
(1551) together with the quark-model estimate for Ha — 2 we would predict 
ca — 0.025, a value quite consistent with what we would expect from our 
power counting. 

We turn to the decays of and K*. In contrast to the previously discussed 
decays of the vector mesons into dileptons or two Goldstone bosons where the 
flavor breaking effects are not very large, sizable flavor breaking effects are 
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observed in the radiative decays. It is emphasized that this is predicted by the 
power counting rules (l22l [25]) . Whereas the dilepton decays are determined 
by a single parameter ey, the radiative decays are determined by the two 
parameter combinations ey and 6^ at leading order. Note that the size 
of flavor breaking defines the 10% uncertainty of the parameter hp and ey 
(see also [38] )• In order to work out the fiavor breaking effects in the radiative 
decays we derive 



1 



24 X 144 TT m^yf 



5 

2 f2 



m 



K± 



m 



Kl 



1 



24 X 36 TT mf, f 
1 ml 



^A 



m 



Ko 



m 



24 X 54 vr mf. 
in terms of the effective decay parameters 



K* 




(45) 



^A 



ca + ey 



Ca + ey 1 + 



ca + ey 2 - 




(46) 



and my ~ mp ~ m^^. The empirical data [I6] yield the values 



'^A 



0.094 ±0.004, 



0.125 ±0.006. 



^A 



0.053 ±0.001 



(47) 



The large variation of the parameters ca, e;^ and reflect the sizable 
flavor breaking in the radiative decays of the vector mesons. One may assign 
the value ca = 0.094 ± 0.041, with an error of about 43% much larger than 
the 10% spread in hp and ey. 



The parameters /ia, &a and ca are determined as follows. For a given value 
of /lA we determine the range of the parameter to be consistent with (H6| 
HTj). The parameter ca is adjusted to remain compatible with (H2l HI]). The 
optimal value 
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hA ^ 2.1 , 



(48) 



is obtained by tiie requirement tiiat tiie spread in 6^ is minimal. This procedure 
leads to 

&A = 0.27 ±0.05, eA = 0.023 ± 0.001 , (49) 

an amazingly consistent picture: at leading order the two parameters Ha and 
Ba describe the radiative decay processes of the vector mesons reasonably well. 
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4 Radiative decay amplitudes of axial-vector molecules 



We derive expressions for the radiative decay amplitudes of axial- vector mole- 
cules. There are two types of processes that are described by the generic decay 
amphtudes Mff_f and Mff:^'^"f_. The first one is characterized by a photon 
and a pseudo-scalar particle, the second by a photon and a vector particle in 
the final state. 



Given the transition amplitude, M^|°f^Q_, we recall the partial-decay width 



»7 0- 



. It is determined by one scalar number, d 



1+^70- 



. We write: 



which implies 



(50) 
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>7 0- 
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{p ■ q) Ml 



(p-q) 



Pf3 



(51) 



with = {p — qY = and = Mf+. The projection formula of flSTl) 
exploits the fact that the decay amplitude is anti-symmetric in a /3 [9]. In 
(1501) eliq, Xq) and e"^(p, Ap) denote the wave functions of the emitted photon 
and the decaying axial- vector molecule [9]. 



We turn to the second process described by a rank-five transition tensor, 
M"/^'"^_ . It is characterized by two scalar decay parameters. The latter reflect 
the fact that the decay may go via an s-wave or a d-wave transition. We write 



i - -0 t P^^Ifl(P)Ap) 

^liQ^ \) Ap-) Mf+^:^'°f_ ea0{p, Ap) = -e^ (g. A,) - 



'1 
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^(2) 



implying a width of 
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(52) 
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1) 



2) 





Fig. 1. Diagrams contributing to the decay amplitude of axial- vector molecules. 
Double lines denote the axial-vector molecules, solid lines either pseudo-scalar or 
vector mesons and the wavy lines the photons. 

with p"^ = and p"^ = Mf+. The extraction of the two decay parameters 
from a given amphtude is streamhned considerably by the projection identities: 



"l+^^^l- - - Ml ^ e<TTaMP/3^Wi+^.^i- , 

which are a consequence of the anti-symmetry and transversahty of the decay 
amphtude [9j . Note that the two decay parameters can be measured separately 
(see Appendix A). 

In Figure [Da complete set of generic diagrams is depicted. Solid lines represent 
the propagation of the pseudo-scalar or vector mesons. The wavy line is the 
photon. We recall the argument from ^ that all contributions to the decay 
amplitude must involve at least one-loop integral. Tree-level contributions like 
the ones studied in [T3] within a vector-meson dominance picture are not 
present if a resonance is generated by coupled-channel dynamics. The inclusion 
of such effects would be double counting. This issue is discussed in more detail 
in Appendix B. 

Additional contributions involving an intermediate resonance line, that one 
may deem relevant at first sight, do not affect the decay width. As discussed 
in ^ this is a consequence of the anti-symmetry of the tensor field as well as 
the particular form of the resonance vertex implied by (l6l fTTl) . The scattering 
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amplitude (fT7|) may be reproduced by effective resonance vertices of the form 



£ = h^v {{d^RlJ (duVn + h.c.} , (55) 

close to the resonance mass. Here R^i, denotes a generic resonance field and 
(pV a final state carrying well defined isospin. It holds 



h^ = V2^^, (56) 

with the vector-meson mass Mj of the considered channel and the coupling 
constants Qi introduced in f[T7|) . Within the applied scheme for the evaluation 
of the loop diagrams of Figure [1] the vertex (155|) is basically equivalent to the 
vertex, {d'^ Kl^){d^(f)) V^'^ , as pointed out in [9]. The latter form is manifestly 
compatible with chiral constraints. Note that as it should be, given the par- 
ticular form of the resonance vertex fl55p there are no tree-level contributions 
to the radiative decay of axial-vector mesons into pseudo-scalar mesons. This 
follows since the vector-meson field enters the resonance vertex in the form 
{di, V^"). In contrast the vertex {d'^ R\j^)[d^(f)) V^^ would allow a vector-meson 
dominance type contribution. It is stressed that the equivalence of the two 
vertices holds only given our scheme, for the evaluation of the loop diagrams 
in Figure [H This is a consequence of the particular renormalization program 
introduced in [9], which we will review briefly. 

It is observed that the tensor integrals defined by Figure 1 are ultraviolet 
diverging. Applying the Passarino-Veltman reduction [39] , which is rigourously 
justified within dimensional regularization, such tensors may be expressed in 
terms of a set of scalar integrals of the form 



dH f dH 

Ia = -i I Sail) , lab = _/ Sa{l) Sf,{l + p) 

dH 



r d L 

hb = J 7^ Sail) Sf,{l + p) 



(27r) 
f dH 

Jahc = +^ y Sail) Sf,{l + q) S^{1 + p) , 

Jabc = +l j ^ Sail) S,{1 + p) S,{1 + p) , (57) 

where we focus on the physical limit with space-time dimension four. The finite 
integrals Jahc and Jabc may be evaluated applying Feynman's parametrization 
or their dispersion- integral representation (see e.g. [9]). Divergent structures 
arise only from the tadpole integral la and the two-propagator integrals lah 
and lab- Since the combinations 
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are finite as the number of space-time dimensions approaclies four, one may 
take tlie viewpoint that all divergent structures are caused by the tadpole 
integral /„. As was emphasized in [9] there is a consistency issue on how 
to treat the decay-amplitudes in view of the coupled-channel approach ([7]). 
It was argued that tadpole contributions to the decay amplitude must be 
dropped in a leading-order computation. In addition a finite renormalization 
should be applied to the integral lab- It should be identified with the expression 
introduced in ([8]), with 

Lb = - Re /(/i^) 5 ma = m, nib = M , (59) 

and the matching scale fiM [I]- 
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4-1 The l"*" — > 7O process 



The decay amplitudes can be expressed as linear combinations of generic loop 
tensors, which are discussed in some detail. We form gauge invariant combina- 
tions. Some of the tensors encountered here have already been encountered in 
[9j. Since the notation adopted in this work differs from the one used in [9] all 
loop tensors needed are defined here explicitly. Appendix C provides results 
of the Passarino-Veltman reduction of the tensors integrals. 

Begin with class A) and class B) sets of diagrams which are defined by the 
processes where the photon is radiated from the charge of an intermediate 
Goldstone boson or a vector meson, as depicted by the first diagram of Figure 
[H The contributions are proportional to the parameter combination ehp. To 
form gauge invariant tensors we have to consider diagrams as labelled in Figure 
[T]by type 2)-3) in addition. The latter are required since the resonance vertex 
as well as the hadronic 3-point vertex proportional to hp involve a covariant 
derivative that has a term proportional to the photon field. 

We introduce the two tensor integrals, AJ^^"^ (p, p) and -B^^"^(p, p), that de- 
scribe the contributions proportional to ehp. We write 

+ P. Sfip + I) g^^ + Sa{l + q) P. Sfip + l){q + 2 , 

BT'iP,P) = +^ I \p.gr.Sr{P+l)Sr'{p + l)p^ 

+ p. 9r. S^' ^^{p + l) sfip + l)p^ -I. Sr ^{P + I) P"- 

+ P. Sl'^^{p + l)p-+ p^ Sfip + I) , (60) 

where 



Saip) 



S^''{p)=PaS7^^^{p)pp 



p2 _ ^2 



sr^'^p) = - 



ml p^ — ml + ie 



{ml - p^) Qf.^ g^p 



+gfia Pv Pp - g/if3 Pu Pa - ifJ' v) 

sa'^"" {p) = Pa ST^^ (p) , 57'^^ (p) = ST^^ (p) pp . 



(61) 
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We continue with diagrams that are gauge invariant separately, where we con- 
sider first diagrams of type 6) in Figure [H There are contributions proportional 
to ey h\/ ey Ha ^aI P and ty IPa/ p described by the four tensors 



dH 



X 



2^^4 -"V"^ -ii^ - a/3 

[St'^'iq + /) Sf{p + /) - 5f (g + /) S^'^iv + 

dH 



X 



(27r) 

{Sf'-^q + /) Sf{p + 1)- Sf'^iq + I) S^^^ip + , (62) 



and 



dH 



(27^)4-"^^.^^ a/3' 



X ^; 



a/3, err / 



In order to evaluate the various contributions described by 
venient to do so in terms of the effective vertices 



(63) 

ES]) it is con- 



16 J my L J + L J +J 



(64) 



which follow from the hadronic Lagrangian fl2T|) by means of the equation of 
motion 



/2 



2 my 



Q 



eflf 



^ 

3 ^ 





0-1 

0-^ 



1 "^v 

3 



(65) 



Here we assumed on-shell photons and introduced the effective charge matrix 
Qeff- Furthermore we approximated m^^ ~ rup ~ my = 778 MeV. The param- 
eter ey was introduced in It describes in part the direct conversion of a 
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vector meson into a photon as illustrated in (l65ll and as encountered in Figure 
1) by type 5)-7) diagrams. Note that the tensors C'^^^{p^p) and C'^j^^{p,p) of 
arise also from the subleading processes proportional to eAh-A/ f and 
^a^aI f- The corresponding diagrams are of type 1) in Figure 1. 

There are further two tensors D'^^^{p,p) and D'^^^{p,p) of type 6) that probe 
the parameter combinations ey hy hp and ey hy hp respectively, 

xprSl\p + l)Sf{p + l)p^. (66) 

The derivation of the corresponding contributions is streamlined by the appli- 
cation of the effective vertices 

/: = 3,^F^-tr{K,Qeffn} 

+ 1 ^ F^'^ iA{d^V^,) Qeff {d^Vp,)] , (67) 
8 my ^ > 

as implied by the hadronic interaction (1211) and the equation of motion (!65|) . 
Note that the tensor D'^^^ip^p) arises also from a contribution proportional 
to Cm hp. The latter is of type 1) in Figure [H 

We are left with diagrams of type 2), 4), 5) and 7) in Figure [H There are 
contributions proportional to Cy/ which follow upon expanding the first 
vertex of to second order in the Goldstone boson fields, i.e. 



}■ 

This gives rise to diagrams of type 2 as of Figure [TJ The tensor E'^^^ip^p) 
will describe such processes with 



C 



cy my 
' P,A f2 



EX'{P.p) = 2t I ^,S^il)q^Sr'^{p + l)p-. (68) 

Further contributions are implied by the Weinberg- Tomozawa interaction where 
the final vector meson is converted directly into a photon. Such terms are pro- 
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portional to ey / P as well and are characterized by diagram 5) of Figure [H 
They are associated with the effective vertex 



ev 



32 p my 
and the tensor 



F'^^tr {{d^V^,^) [[$, (a,<l>)]_, Qeff]_}, 



(69) 



Contributions analogous to flTOl) where the Weinberg- Tomozawa interaction is 
replaced by the chiral correction operators introduced in ([TU| [T^ are described 
by the tensors fl^ and 



GX'{P,p) = -2t I J^,Sail)qrSl^''ip + l)ip-l)p-. 



(27r) 



(71) 



The corresponding effective vertices read 



J 
} 

} ^ (72) 

While the terms proportional to evho/ P probe the tensor E^l°''^(p,p), the con- 
tributions proportional to ey Qd/ P or ey gp/ P require the tensor G^{^^{p, p). 

We are left with diagrams of type 4) and 7). Two diagrams of type 4) are 
proportional to ca hA and e^fe^- They vanish identically since the vertex pro- 
portional to ca involves the structure {d^V^'^), i.e. the intermediate vector 
meson carrying 4- momentum p has no non-propagating = 1+ component 
and therefore can not connect to the initial axial-vector state. The remaining 
two diagrams of type 7 are proportional to ey Ba hA and ey h\ and described 
by the two tensors 



ey 



D 



128 P my 

go 



32/2 my L 
32 my ^ 





+ 


"(5"$), geff " 






"(9"$), QeS " 



HabfiP^ p) = +2i J Sail) qu e^"-^ e^^^x I 

xSf'"-{p)Sf{p + l)p\ 
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f d I 

HaifiP, P) = +2i J Sail) qu ^amX 

>^sf'"\v)Sf^\v^l)v\ (73) 
where we note the relevance of the effective vertices (IMIl . 

We point the readers to the fact that the tensors as given in (l60l [62l [63| [66l [68| 
[7Ul [7T| [75]) are not anti-symmetric in the indices a <-> /3 as of notational con- 
venience. While deriving the decay parameters (ii+^^o- the wave-functions 
project onto the relevant component, the application of the projection for- 
mulae flSTl) requires an explicit anti-symmetrization. Detailed results for the 
projected tensor integrals ( !60l [62l [63l [66l [68l iTOl ITTl [73l) presented in terms of 
the master integrals ( 1571) are delegated to Appendix C. 
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4-2 The l"*" ^ 7I process 



Like for the 1+ — ^ 70^ process we specify all loop tensors relevant for the 
1+ — s> 7 1^ process explicitly in terms of gauge invariant combinations. Some 
of the structures have already been defined in [9] using a slightly different 
notation. Appendix D offers results of the Passarino-Veltman reduction of the 
tensor integrals. 

Class A) and class B) sets of diagrams are defined by the processes where the 
photon is radiated from the charge of an intermediate Goldstone boson or a 
vector meson, as depicted by the first diagram of Figure [H The contributions 
are proportional either to the parameter combination e/i^ or ebA- To form 
gauge invariant tensors we have to consider diagrams as labelled in Figure [T] 
by type 2)-3) in addition. The latter are required since the resonance vertex 
as well as the hadronic 3-point vertex proportional to Ha involves a covariant 
derivative that has a term proportional to the photon field. If the final state 
is a charged vector meson a gauge invariant combination probes type 4) of 
Figure [1] as well. Whereas the tensors y4"f''^'"^(p, p) and p) probe 

the parameter combination cHa, the tensors ^^^'^''"^(PjP) and B'^^J^'"'^ {p,p) 
select the parameter combination efe^- We introduce 



Alt'^-'iP^p) = -i j \e-\^[-g^'^Sl'{p + l)p- 

+ I'' Sl^ip + I) (7^" + (/ + qr Sail + q) Sl^ip + l){q + 2 ly 

+pHi+ q)p Sail + q) sr^ip +i){q+2 irp^] I , 

A^%'"^{p,p) = +^ J Sail) i^e^^^Sr'{p + 1)9'- 
+ e'^i^ (2 / + q)^^ Sa{q + /) S^'^ip + I) 

+ e...p {g'^'Sl'^'^ip) + r Sf^''{p)}s^^'^{p + , (74) 

and 



5f '"'""fep) = / (^^'^(0 [e^^r[ + LSr'{p + l)p'' 

+ r g^, {si'^^'ip + /) sfip +i) + sriP + 1) sr^P + 0} 



p 
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+ e^par Sf ^P{p) r Sl^ip + l)p''- ej^ [/, g^^ S^^'^ip + I) p^ 
+ IpP"" [sr^'iP + S^,''^{p + l) + Sr^^iP + I) Sf{p + l)}p^ 

+ Ip P" Sr ^{p + l)g^'' + lp r Sr ^^{p + l)p" 



B 



+ e 



a/3 



(TT 



Sail)^e^irSr^P + l)9"' 

{P + i)g.pSf{p + i) 



+sr'''{p+i)g.psr^{p+i) 



(75) 



Note the type 4) terms proportional to Sp^'°'^{p) in (I741 I751). Here we identify 
m? = p^. Such contributions are not at odds with parity conservation. This 
follows since the tensor field carries spin one quanta with both parities. Anal- 
ogous terms where the photon couples to the initial axial-vector meson do not 
arise due to parity conservation. Since the resonance field couples always with 
{drR^"), only the parity P = +1 component is accessed. 

We continue with class C) processes where the Goldstone boson emitted from 
the molecule is converted into a vector meson while radiating a photon. The 
contributions are either of type 1) or 6) in Figure 1 and described by four 
generic tensors. There are terms proportional to evh^hv/f and ey fiAhv/ f 
associated with the first vertex of (!64l) and the following two loop integrals 



dH 



Sail) g.e^^^r 



Caif'"'iP,P) = +^^ 



dH 



(76) 



Sa{l)q.e^\J-\sr{l + q)S^^{l + p) 



+ p''9.p{sf''{l + q)Sf{l+p) +Sr{l + q)Sf'^{l + p)} U". 



The tensors (175]) arise also from subleading processes of type 1) in Figure 
[H In this case they are proportional to /iy (tensor C), CAhy (tensor C). 
Additional terms of type 6) in Figure 1 are implied by the second vertex of 
flMl) . They are proportional to either ey &a // or ey &a ^y // and define the 
two structures 
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(77) 

Consider class D) processes where an intermediate vector meson emits a pho- 
ton via magnetic or quadrupole-hke couphngs. They are of type 1) or 6) in 
Figure 1. Four structures are induced by the effective vertices ( l67l) . Contribu- 
tions proportional to ey hy h-A/ f and ey hy Ha/ f are introduced with 

D^t^'-'iP, P) = -' j^A Sail) g^ - qu /a} 

X i^e^'^r l^Sr\p + l)g.,Sr'{p + l) 



{p,p) = -i J .^—^Sa{l){qxg^^-qu9^x} 
X i^e^^^jrS^\p + l)Sf{p + l) 

+ e''.r Ip Sr\p + I) Sf{p + O} ■ (78) 

Additional two terms proportional to evhybA/f and evhybA/f are associ- 
ated with the loop tensors 

D^ar'iP, = / Sail) {qx g^'. - qu /a} 

X e^^^^ Sr ^\P + /) g., Sr'ip + 1)P\ 

Dl%r\p. = / SS) {qx 9\ - q. 9\} 

y<e^^^^Sr\p + l)Sf{p + l)p-. (79) 
We continue with class E) processes where the vector meson emitted from the 
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molecule is converted into a Goldstone boson while radiating a photon. Again 
type 1) and 6) diagrams in Figure 1 contribute. Two terms proportional to 
eyhAhp/ f and eybAhp/f as implied by the vertices (|MI) are required. The 
corresponding tensors are 



X S,{l+p)Sf{l+p)p'' 



Sa{l)l^phue^\r{.l+Pr 



-I 



dH 



abc Kt^^t^J "■■"c / j^2vr)4 

x5,(/+p)5r'^(p+0p". 



^0) 



We are left with class F) processes characterized by type 4) or 7) diagrams 
in Figure 1. The photon is radiated of the final vector meson via magnetic 
couplings (see ([2H1 EZD)- Type 7) contributions are proportional to ey hy Ha 
and ey hy bA with the corresponding tensors 

(81) 

xSp-^{p)Sr^{p + l)p'^. 

There are further two diagrams of type 7) proportional to ey hy Ha and 
ey hy Ba, however, they vanish identically. Note that the tensors of (IHTl) de- 
scribe also the process proportional to cm hA and cm which is of type 4) 
in Figure 1. 

We point the readers to the fact that the tensors as given in (17411811) are not 
anti-symmetric in the indices a /5 and a /3 as of notational convenience. 
While deriving the decay parameters ^_ and df}^^-^^- the wave- functions 

project onto the relevant component, the application of the projection for- 
mulae (jSlD requires an explicit anti-symmetrization. Explicit results for the 
projected tensor integrals (174118 ip presented in terms of the master integrals 
(1571) are delegated to Appendix D. 
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4-3 Radiative decays of the /i(1282) 



We confront the results predicted by the effective field theory developed in 
this work with the empirical results on the radiative decay properties of the 
/i(1282) molecule. There are three measured quantities to be compared with. 
From the three possible decays, /i(1282) 1 po, I^jJ, 'y4>^ two are studied so 
far experimentally. Note that decays into a photon and a ttq or r/ meson are 
suppressed by charge conjugation considerations. 

The process studied best involves the neutral p meson in the final state. Ac- 
cording to the Particle Data Group [16] the branching ratio is 

r/i(1282), tot 

Given the total width of (24.2±1.1) MeV quoted in [16] we derive the following 
condition on the two decay constants 



d 



(1) 

/l(1282)-^7P 



+ 2.73 



(2) 

/l(1282)^7P 



1.25 ±0.35, 



(83) 



as introduced in fl52l). The number 2.73 



m\+/m\- in ( l83l) follows upon the 
obvious identification of the vector and axial-vector masses mi- and mi+ (see 
fl53l) ). Additional information on the decay parameters stems from an analysis 
of the subsequent two-pion decay of the p meson, i.e. 



/i(1282) 



vr vr 7 , 



B4) 



which determines the angular distribution of the primary decay process. Ac- 
cording to [lO] and Appendix A the latter provides the constraint 



5.46 



"/i(1282)-.7p 



"/i(1282)~.7p 



3.9 ± 0.9(stat) ± l.O(syst) , 



^5) 



with the identification 5.46 ~ 2'm\+/m\- (see Appendix A). 



A further empirical result is available for the /i(1282) —>■ j (p process. Accord- 
ing to the Particle Data Group [I6] the branching ratio is 



/i(1282)^7</> 
r/l(1282), tot 



(7.4 ±2.6) 10" 



^6) 
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which imphes the relation 



"/i(1282)^7</. 



+ 1.58 



/l (1282) ^70 



0.087 ±0.035. (87) 



For the corresponding decay amphtude we estabhsh our results in terms of the 
couphng constants and loop tensors introduced in sections fI72\ 13.11 and 14 . 2[ It is 
emphasized that all parameters were determined already with the exception of 
the parameters Cm and hy, for which only a linear combination is determined 
by the electromagnetic properties of the p meson (see (!38l) ). The knowledge of 
the magnetic moment of the K* meson would provide an additional condition 
from which the parameters cm and hy could be determined unambiguously. 

Before presenting explicit numerical results for the decay amplitudes expressed 
in terms of the loop tensors introduced in section |1]2] we introduce some nota- 
tion as to streamline the presentation. Since the tensors A, F (see f TMllHTj) ) and 
also B, D, D, F (see fl75l [78| IHTl) ) will occur always in the same combination 
it is useful to introduce the objects 



Aal3,iL,a/3 Aai3,u.,a/3 , I , 3 / my \ \ „aB,n,al3 



+ + 4(1^ + " 3) ^ """'"'^ • 

where we identified my = 776 MeV with the averaged mass of the p and u 
meson. Small effects proportional to rup — are neglected. Correspondingly 
the tensors A^,F^ (see dH EI])) and also B^, D^, D^, F^ (see (173 EHl M>) 
enter the result in always the same combination 



+ \^M + T7T-^ \l + x^\eyhy\{ D-%r^ + F-^;r' ■ (89) 



We recall that while the tensors A and A^ describe the processes where the 
photon couples to the charge of an intermediate K meson, the tensors B and 
B^ describe the ones where the photon couples to the charge of an intermediate 
K* meson. Diagrams of type l)-4) in Figure 1 are involved. The index x 
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indicates that the tensors and probe a 3-point vertex proportional to 
the parameter that breaks chiral symmetry exphcitly. As demonstrated in 
section [22] the latter plays an important role in the description of the radiative 
decay of vector mesons. The additional contributions combined in the tensors 
B and B reflect the magnetic and quadrupole moment of the K* mesons. They 
are described by diagrams of type 1),6) and 4), 7). 

Further diagrams of type 1) and 6) are described by four tensors C, C and 
C^, C^, which probe the parameters hy and hy- For the explicit definition of 
the tensors see fl7^[77|l . Since they contribute in the same combination always 
we introduce the two tensors 



7 ^o/3,/i,o/3 



hyc: 
hvc: 



■al3,fi,a/3 



2 ^ Qal3,n,a(3 

\ 

6 m-i/ llv Lj „i,„ 



- 3 my ny^^^^^,^ 



(90) 



We are now well prepared to present our result for the /i(1282) — > 7 po, 7 1^, 7 
decay amplitudes 



8 /my ^3 ^ ) kk'^kk'K'KP^V) 

8/m^^3 ^ ) KK*^KK*K'\P^P) 



J 

24 fm2 V ^ ^ ) '^KK*'-'KK*K*\P^P) 
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hp 



48/3 
hp 



(92) 



48/3 



and 



J \/ 

+ v^T^ (2eT=' - e!ff ) AS. i!fi'i;*(p,p) . (93) 



in terms of the tensors (IHOl [88| [89| [90!) . The resonance- couphng constant 
/i^^^ ~ 7.3 GeV~^ was introduced in fl55l) . It is related to the appropriate 
couphng constant (71 of Table H] by fl56|) . It remains to specify the effective 
couphng constants and entering the results (19111931) . They are related to 
the radiative decay constants of the light vector mesons as introduced in 
112]), which are just the sum e'x = ej + e'x of the two terms. It holds 



In Table E] the various contributions to the decay constants are listed. The 
values quoted in the second and third column have to be multiplied by the 
/i(1282) coupling constant gi = 4.6 of Table |H In addition a multiplication of 
entries of most rows with specific coupling constants as indicated in the first 
column is required. To keep a transparent order in Table Owe use a somewhat 




(94) 
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10 X 


10 X d^S 


X Ha gv 

X b A 
X CM 
X CA 


-2.UehA + 3.13 ebA 

+U.ZU /Ip — U.U ( llv ~r U.UD /ly 

-0.49 hp + 0.08 /ly - 0.29 liy 

-0.10 /lA + 1.08 hA 

+0.80 /ip + 0.03 hv + 0.17 /ly 




-1.26 e/iA + 1.47 e 6a 

-1.99 /lp + 0.03 /ly- 0.00 ^y 
f4.86 ;ip-0.17/ly-0.14/ly 

-0.06 hA + 0.36 bA 

-7.96 /ip + 0.29 hv - 0.00 ^y 




10 X d!-}} 


10 X d',o' 


KK* -K*K 
X Ha ey 

X hA 
X CM 
X CA 


-2A9ehA + 3.15 e 6a 

— U.Ui lip — U.UO fty + U.Ui fty 

+0.03 /ip + 0.61 hy - 0.02 /ly 

-0.10 hA + 1.06 6a 

-0.27 hp - 0.00 /ly - 0.06 hy 


-1.31e/iA + 1.52e6A 
+0.11 hp - 0.04 /ly - 0.00 hv 
-0.27 /ip + 0.22 hv + 0.01 hv 
-0.06 /ia + 0.36 6a 
+2.80 /ip - O.IO hv - O.Ol hv 




10 X ^ 


10 X d'o' ^ 
/, ^70 


KK* ~K*K 
X Ha gv 
X bA ev 
X eM 

X CA 


-6.06 e/iA + 6.02 e 6a 

("'"o'Oo) ^ 0.11 hv + 0.02 ^y 

(+0;0l) + 0-60 ~ 0.06 hy 

-0.16/iA + 1.106a 

(io+o) " 0.51 hv + 0.27 /ly 




-4.46 e/iA + 4.32 e 6a 

-0 Ol) '^P^ 0.06 /ly - 0.01 hv 
'Xomj + 0.28 hv + 0.02 /ly 
-0.14 /iA + 0.65 6a 

-O^J) + 0-42 /ly - 0.32 hv 



Table 5 



Decay constants that are implied by ([911 [92l [93]) . The various contributions have to 
be multipUed by the appropriate resonance-couphng constants gi = 4.6 of Table [H 
We use / = 90 MeV, my = 776 MeV. See also (f96l[95]l. 

unusual convention for the representation of complex numbers 

(^yj = X + iy for x,y real . (95) 

All parameters with the exception of one parameter cm or hy are determined 
in section [31 Taking = we collect the values of the parameters assumed 
below: 



e = 0.303, 
hp = 0.29, 
hv = 0.45 , 



ey = 0.22, 
hA = 2.10, 
hv = 3.72 . 



ca = 0.02 
bA = 0.27, 



Cm = 0.00 , 



(96) 
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We checked that none of our conclusions will change if we allow cm 7^ within 
a reasonable range while keeping the constraint cm + 3ev /iy/4 ~ 0.245 e. 

Upon inspection of Table [5] it is clear that the empirical constraints fl83l [85| 
IHTl) . in particular the one for the decay into the (j) meson fl87|) . can not be 
met. We discuss now the relevance of the various contributions. For all six 
decay parameters of Table O the dominant contributions are proportional to 
e Ha- The latter are defined by the processes where the photon couples to the 
charge of a pseudo-scalar or vector meson with strangeness plus or minus one. 
Given the molecule-coupling constant gi = 4.6 this dominant term predicts 
the following decay parameters 



"/i{1282)- 




-0.71, 


"/l(1282)- 


^ -0, 

-♦7P0 


.37 


"/i{1282)- 


-yuj 


-0.73, 


"/i(1282)- 


~ -0, 


.38 


"/l(1282)- 


-+7(/) — 


-1.77, 


"/i(1282) - 


~ —1 


.31 



On the other hand summing up all terms of Table Owe arrive at the values 

~ -0.44, 
~ -0.31, 

^ -1.24- i 0.00, (98) 

not much different from the ones in (P7|) . While the decay constants (^7\ [HH]) 
are too small as to be consistent with the empirical constraint fl83p on the 
radiative /i(1282) decay into the the decay parameters are an order of 
magnitude too large to be consistent with the observed decay width into the 
(f) meson f l87|) . This result is easily understood since the /i(1282) molecule is 
generated by the K K* — K K* channel. Since the (f) meson couples strongly 
to the latter channels, the contribution of such channels to its radiative decay 
into the meson will be large. 

Our results point to the importance of additional channels not considered yet. 
We emphasize that according to the power counting rules developed in this 
work this is not surprising: a consistent computation of the radiative decay 
pattern of the /i(1282) meson must consider additional contributions from in- 
termediate states involving two vector mesons. Since the generalization of the 
coupled-channel framework for the inclusion of such channels is a formidable 
task this will be addressed in a separate work. From the overestimate of the 
/i(1282) decay into the meson we would anticipate that the K*K* channel 
plays an important role in the latter decay. We point out that since the final 
decay constant must be a result of a subtle cancellation mechanism it is impor- 
tant to derive all contributions implied by the effective Lagrangian developed 



"/i(1282)^7P0 ~ U.OU, "/i(1282)- 

"/i{1282)-^7t^ — U.UU, "/i{1282)- 

fi'^'^'' ~ — 1 ^9 — ?■ n nn ri^"^^ 

"/l{1282)-^7(/> — -'-•'-'^ ajj(i282)- 
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in section [3] systematically. This illustrates the importance of power-counting 
rules and motivates the detailed exposition of all contributions to the decay 
parameters in Table O 
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4-4 Radiative decays of the 61 (1230) 



We consider the radiative decays of the 6f (1230) and 65(1230) molecules. 
While the charged states decay into the 7 vr^ or the 7 channels, the neutral 
one decays either into 7 7r° or 7 77. Experimental information is available only 
on the bf ^ 7 tt^ process, for which the Particle Data Group p^|l^ reports 
the partial decay width 

r.f(i230H,.± = (230 ±60)keV. (99) 
According to (!5T!) this implies the following decay parameter 



= (0.20 ±0.03) GeV~^ (100) 

We discuss here in some detail the decays bf 771^ and b^ 7 7r°, for 
which their respective decay amplitudes degenerate in the isospin limit. For the 
latter we provide explicit expressions in terms of the loop tensors introduced 
in section 14. 1[ Analogous results for the decay amplitudes of the 6f — >■ 7 
and fe'j' — > 7 ?7 processes are delegated to Appendix E. 

We remind the readers of the various contributions to the decay amplitude as 
depicted in Figure 1 generically. Class A) and class B) sets of diagrams are as- 
sociated with the tensors AJ^^"'^ (p, p) and B'^^^{p^p) introduced in (!60l) . They 
are defined by the processes where the photon is radiated from the charge 
of an intermediate Goldstone boson or a vector meson, as depicted by the 
first diagram of Figure [H The contributions are proportional to the param- 
eter combination ehp. To form gauge invariant objects the tensors include 
the appropriate diagrams as labelled in Figure [1] by type 2)-3) in addition. 
Class D) diagrams are implied by the coupling of the photon to the magnetic 
or quadrupole moment of an intermediate vector meson. The gauge invari- 
ant tensors D'^^^{p,p) and D'^^^{p,p) introduced in ([HS]) arise, being of type 
1) and 6) in Figure 1. A detailed investigation reveals that the above ten- 
sors contribute for the intermediate states K K* or K K* only. The tensors 
BaC^ {P-,p)-, ^ab^^iPyP) D'^^^{p,p) occur in the particular combination 



(1230)^7 7rJ 



eBr'+ eM + 



4(l + a;) 



1 + x- 



mi 



ev hv 



+ 



4 (1 + x) 



ev hv D, 



ab 



(101) 



Further contributions of class C) associated with the four tensors C^j^ {p^p), 



49 



C^^" (p, p), C^l'^ {p,p) and Cjjf,c iP,p) as introduced in (j62l [63ll arise from 
the anomalous processes where a Goldstone boson emitting a photon (either 
directly or via a vector meson) is converted into a vector meson. Such contri- 
butions are proportional to either Ha or Ba and the effective decay constants 
e^^*^ or e^^*' as introduced in fl9^ . The relations flMl) are supplemented by 



eA = -2 \^] eybA, = + - ey /i^ , (102) 

where we identify mv = 776 MeV with the average of the p and u mass. Con- 
tributions proportional to nip — are dropped. Recall that the combination 
= e^ + CA determines the radiative decays of the p and u mesons (see (H5]) ). 

We point out the existence of a contribution proportional to ey, which follows 
upon expanding the first vertex of to second order in the Goldstone 
boson fields. This gives rise to diagrams of type 2 as of Figure [T] and the 
tensor Ej^l°'^{p,p). This term will play a role later in the numerical analysis. 
It is interesting to observe that it occurs only for intermediate K K* or K K* 
states. 

The remaining contributions are proportional to ey being of type 5) and 7) 
in Figure 1. While type 7) diagrams give rise to the tensors if^^"^(p, p) and 
Habc^{p,p) and are proportional to either Ha hA or h\, type 5) diagrams imply 
the three tensors E'^l^^ [p^p), F^^^^lpjp) and C^^^ip.p) as detailed in flBS H TU I 
mi) . The last tensor G'^^'^{p,p) is required to describe the process where the 
photon is emitted by the chiral counter terms proportional to go or gp via an 
intermediate vector meson. A similar term where the photon is emitted by the 
Weinberg- Tomozawa interaction is associated with the tensor F^'"^(p,p). The 
tensor E^^^{p,p) describes also contributions proportional to the symmetry- 
breaking counter term ho- 

All together we establish the following decay tensor 



mlhA / (A-) _ (KX)^ (b,) 

24 pmv ^ ^ ^KK*K*[P,P) 

96 pmv ^ ^ ^ )^KK*'^KK*K* [P, P) 

mlhA / iKS) _ iKl)^ (60 AA',"/^ 

94 /■2™ V ) I^KK''-'KK*K*\P^Pl 
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0^ {ml + ml) (1 - 2r) h^^, ETl{p,p) 



48/2 my 



48 /^my KpK*\P^P) + ^2 /2my ^ K'^KK* ^KpK*\P^P) 

48 /^my 1^ "'^ "'"^ a/3 '''^'^ ^-^'-^^J 

+ ml {/.^i) p) + i= /.(^ (P, P) } 

t {« ^.T/fe + 71 ^w^fe } ' (103) 



+ 
+ 
+ 



(&A)^ey 4 

777 

12/2 my 



where r = my/m^^. The resonance-couphng constants /i*^*^-* in (11031) are related 
to the QiS of Table m via ( |56l) . As already noted the explicit expressions for 
the other decays can be found in Appendix E. 

In Tables [MZl the various contributions to the decay constants are listed. Using 
the resonance-coupling constants Qi of Table H] together with the parameters 
of fl96p we arrive at the following values 



dfe±_^,± = d^,o^^,. = (-0.20 -z 0.04) GeV'\ 
dho^^^ = (-0.62- i 0.09) GeV^S 

,= -0.21 +i 0.25, 4± ,= -0.26 + z 0.11. (104) 

It appears that we recover the empirical decay constant (11001) describing the 
bf — ^ 7 TT^ decay quite well. 

We discuss the various contributions, first for the decays of the 65(1230) into a 
TT or an meson. The dominant effects result from the K K* + K* K channel, 
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10 X d,+ , 

D — > 7 TT I 



fGeV- 



+ 



-0.10\ , N 

+0.10 j ''■4) 



-1.21 j »o+ (^_o.05j ^o)ev 



0.23\ ,2 , /-0.09\ , , , /+0.02\ ,2 X ^ 
0.01 j + (-0.02 )bAhA+ ) ^a) ey 



77P 



(+0.28 /lA -0.02 6A)eA 



-0.31 go -Q.OlhD)ev 



+0.07 /lA - 0.03 &A feA + 0.01 &a) ev 



KK* 



-4.46 /ipe- 0.84 + 
-0.54 hp Em + 
(-0.33 /lA + 0.03 6a) eA + 



-0.14 go + 0.16 + 0.01 hn) cv 

-0.29/iv +0.55 ^v) ftp ev 

-0.01 fti + 0.08 6a /lA + 0.08 6a) ev 



10 X d,o_^JGeV-i] 



((±^:ti)^^ + (Ji^) MeA 



+ 



+ 



'-0.51\ , /-0.02\ , ^ 
^-2.38j \-Qm) 



+0.37\ ,2 , 
-0.05 j "-A + 



-0-15A f, , /^+0.03\ ,2 N 
-0.03) ^■4^-4+ ( +0.07) ^^)«^ 



77P 



(+0.40 /lA - 0.03 6a) eA 



-0.64gD -0.02 60) 



+0.10 h\ - 0.06 6a Ha + 0.02 6^) 



KK* 



-9.70 ftp e- 1.82 ev 

—0.86 ftp Cm 

(-0.51 ftA + 2.03 6a) eA 



-0.16 3D + 0.48 gp + 0.34 613) ey 

—0.65 hv — 0.37 hv) hp ev 

-0.13 fti + 1.21 6a ftA - 3.73 6^) ev 



Table 6 

Decay constants that are implied by (jl03l [T53]) . The various contributions have to 
be multiplied by the appropriate resonance-coupling constants gi of Table HI We use 
/ = 90 MeV, my = 776 MeV. See also 



which provides terms proportional to the parameter combination hpe. The 
latter are largest and describe the processes where the photon is radiated 
from the charge of a strange pseudo-scalar or vector meson. These terms alone 
would predict the following decay constants 



= -0.17GeV"\ (ifto^^^ = -0.38GeV-\ (105) 

which are not too far from the values (11041) . We point out, however, that the 
contributions proportional to the parameters ey and hyhpey are almost as 
large separately. Since they enter with opposite signs for the 7 tt final state 
there is a significant cancellation at work. Note that the term proportional to 
ey is the constructive sum of two terms: the first implied by the Weinberg- 
Tomozawa interaction, the second directly by the term tr {V^" /^) expanded 
to second order in the Goldstone boson fields. The relative size of the two 
contributions is about 5:3 for the decay into the pion, but about 5:2 for the 
decay into the 77 meson. 
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10 X d^i^ 


10 X d'i^ 


TT Ul 


(+1.92 j (^_0.40j 


/+0.26\ , I /'-0.07\ , 
i+l-23j ^'^^^ i-0.3lj 


X hA ev 


'^p + (,+o.78j '^y 


/-1.48\ , , /+0.07\ , 


X ev 
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X ei\i 


/+0.22\ , , /+o.in , 
y+im) ^-4 + (^+o.49j 


(+0.09\ , , /+0.04\ , 
[+O.Al)'^A + [+Q,ig) bA 


X CA 


Z+i.sn , 

i-4.70j '^'P 


[-7.8b) '^P 


VP 


— 1.57eaA + O.lSeOyi 


—0.87 ehA + 0.04 e &a 


X /i^ ev 


+0.09 /ly - 0.01 hv 


-0.06 /ly - 0.00 /ly 


X Oa ev 


+0.26 /ly + 0.02 /ly 


+0.11 hv + 0.02 /ly 


X CM 


+0.14 /i^ + 0.23 bA 


—0.01 /lA + 0.09 OA 


X BA 


—0.05 hv — 0.14 hv 


A OA Z, 1 A AA I. 

— O.zO /ly + 0.00 /ly 


K K* 


-0.35 e /lA — 0.31 e bA 


—0.07 e /lA — 0.70 e 6a 


X ft-A ey 


+0.32 /ip + 0.17 hv - 0.03 /ly 


-2.02 hp - 0.03 /ly + 0.00 /ly 


X bA ev 


-0.78 /ip + 2.53 hv + 0.19 V 


+4.92 /ip + 1.17 hv + 0.11 /ly 


X CAf 


+0.22 + 2.69 6a 


+0.08 /iA + 1.01 6a 


X eA 


+1.28 hp + 0.00 /ly - 0.18 hv 


-8.07 hp - 0.35 /ly + 0.01 hv 



Table 7 



Decay constants that are implied by (jl54p . The various contributions have to be 
multiplied by the appropriate resonance-coupling constants gi of Table |H We use 
/ = 90 MeV, my = 776 MeV. See also 

To arrive at the final values (1104p it is important to consider also the contribu- 
tions proportional to gD^v and Qf^v- Switching off such terms would reduce 
the decay constant d^±^^^± by almost a factor two. Here we observe that 
the contributions of the r] p channel are quite small: there is a cancellation of 
terms proportional to Qd^v and h\ ey. This holds for both decays. The small 
imaginary parts of the decay constants reflect the contributions from the vr u 
channel. It is dominated by the terms proportional to Qd^v- Note that the 
-7r0 channel does not contribute to the decay parameters. All together the 
following decomposition 

dhO_^^^o = {(0.022 - i 0.021) gi + 0.003 ^3 - 0.059 ^4} GeV"^ , 

c/foo^^^ = {(0.033 -i 0.044) ^1 + 0.001 ^3 -0.165 ^4} GeV-^ (106) 

holds, with the coupling constants given in Table HI 

It is useful to contrast our result with the recent work by Roca, Hosaka and 
Oset [in]. As discussed already in the introduction, we can not derive the 
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gauge invariance of the results obtained in [TO] for the bi — > 7 vr^ process. 
Leaving this concern aside we compare the contributions from the K K* chan- 
nel. The resonance-coupling constant to that channel agrees within 20%, the 
value of [TD] yields about Ig^l ~ 3.5 in our convention. Thus it is legitimate 
to directly compare the contributions to the decay constant. Translating the 
partial decay rate of [10] into a value of the decay constant we deduce the 
value \d^±_,^^±\ = 0.08 GeV~^. This should be compared to (11051) . We ob- 
serve a sizeable difference in the predictions. It is pointed out that this is not 
surprising since Roca, Hosaka and Oset use a form of the K*Ktt vertex that 
is forbidden in the chiral Lagrangian. Chiral symmetry requests the vector 
mesons to couple to a pair of Goldstone bosons with at least two derivatives 
involved. The claim of [10] to recover the empirical branching is a consequence 
of a tree-level term where the 6^(1230) decays first into a charged pion and a 
neutral vector meson. The latter converts directly into an on-shell photon via 
a gauge- dependent vertex of the form (f)'^ or u'^. There is no room for 
such contributions in a systematic approach based on the chiral LagrangiaiOJ. 
Moreover, as discussed in detail in [9] there are no tree-level contributions to a 
radiative decay amplitude of a given state if that state is generated by coupled- 
channel dynamics. The inclusion of the latter would be double counting. For 
a more detailed discussion of this issue we refer to Appendix B. 

We turn to a discussion of the 65''(1230) — > 7 p"*" process. In contrast to the 
decay of the bi into the pseudo-scalar mesons, in this case the dominant con- 
tributions arise from the nu and rj p channels rather than from the K K* and 
K K* channels. The following decomposition arises 

4± ± = (+0.035 + z 0.1 18)^1 - 0.098^3-0.014^4, 

4± ± = (-0.006 -z 0.052) ^1 - 0.056 ^3 -0.029 c/4, (107) 

with no contribution from the 7r0 channel. It is interesting to observe that 
while in the 77 p channel (~ g^) the dominant terms are proportional to e Ha-, in 
the TTuj channel (~ gi) the largest effects are defined by the terms proportional 
to hAhpCv and e Ha- 

We would like to emphasize that we consider the reproduction of the empir- 
ical decay branching of the 61 into a photon and a pion as accidental. It is 
an important issue to evaluate contributions implied by intermediate states 
with two vector mesons. Since such contributions must be significant for the 

^ Note that some of the vertices used in [lOj are consistent with chiral constraints 
and electromagnetic gauge symmetry only if used in the context of the model of 
Bando et al. [TT| or the massive Yang-Mills approach (see e.g. the review [12j). 
However, this requires that a non-abelian gauge symmetry is preserved. The latter 
is violated by the coupled-channel approach of [TO] . 



54 



radiative decays of the /i(1282) we do not see any reason a priori why this is 
not the case for the radiative decay of the 61 (1230). To this extent one should 
not view the values for the so far unobserved decay constants ( 11041) as predic- 
tions to be confronted with upcoming measurements. These are partial results 
which await completion. 
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4-5 Radiative decays of the /ii(1386) 

We study the radiative decays of the /ii(1386) molecule. There are two decay 
channels possible with either the 7719 or the 777 in the final state. So far 
there is no empirical information on such decay processes available. Explicit 
expressions for the corresponding decay amplitudes can be found in Appendix 
E. 

Using the parameter set fl96|l together with the resonance- coupling constants 
of Table H] we arrive at the following decay constants 

(i^o_^^o = (+0.00 + i 0.02) GeV-\ 

(i^o^^^ = (-0.29 + i 0.01) GeV-^ (108) 

The results (11081) are a consequence of various cancellation mechanisms, in 
particular the smallness of rf^o^^^o. There are four channels considered in 
this work, the vrp, rju, K K* + K*K and the channel. The corresponding 
coupling strengths Qi of the /;.i(1386) to the latter are collected in Table HI 
We decompose the results (11081) into contributions from the four channels 
considered 

dhi^^^o = {(0.143 + i 0.017)^1 + (0.072 + i 0.025) c/2 

-0.029^3}GeV"S 
dho^yrj = {(0.026 + i 0.047) gi + (0.014 + i 0.005) c/2 

-0.135 ^3 -0.015 ^4} GeV"^ (109) 

For the decay into the pion there are basically two channels contributing with 
opposite signs and almost equal strength. The vr p channel is almost irrelevant 
with its small coupling constant gi = 0.1, even though the corresponding 
coefficient in (11091) is largest. The contributions from the rju and K K* +K*K 
channels with g2 = 0.9 and g^ = 2.5 cancel to a large degree. The decay 
constant df^o^^^ is dominated by the K K* + K*K channel. 

It is interesting to observe that the total contributions from the K K* + K*K 
channel to the /;.i(1385) decay constants are subject to a further cancellation 
mechanism. In Table [8] the decay constants are split into their various contri- 
butions from the four channels and the various parameter combinations. In 
the K K* + K*K channel the largest terms are defined by the contributions 
proportional to ey. Almost as large contributions are proportional to hp e and 
gn Gv, gr Gv, where the terms do not add up constructively. Thus our partial 
result (11081) is quite sensitive to the precise values of the resonance-coupling 
constants, but also to the size of the counter terms go and gp. 
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(-1.35 /lA + 2.04 6A)eA 
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Table 8 

Decay constants that are implied by (jl55l [T56|) . The various contributions have to 
be multiplied by the appropriate resonance-coupling constants gi of Table HI We use 
/ = 90 MeV, my = 776 MeV. See also (f96|[95]). 



We stress that the results presented for the radiative decay of the /ii(1385) 
are partial, which need to be completed by additional contributions from in- 
termediate states involving two vector mesons. In addition the values of the 
parameters qd and gp need to be established more systematically in a coupled- 
channel computation that considers the effects of t- and u-channel processes 
explicitly. 
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4-6 Radiative decays of the ai(1230) 



We turn to the decays of the ai(1230) molecule. The charged states may decay 
into either 7 vr^ or 7 p^. Due to charge conjugation symmetry the neutral state 
decays into 7p°, 70; or 7^. The partial decay width of the charged state into 
a charged pion is acknowledged by the Particle Data Group fTB] as seen. In 
[12] the following value 

ra±(i230)^,.± = (640±246)keV, (110) 

is claimed. Using the central value of the ai mass of 1230 MeV as advocated by 
the Particle Data Group [TB] the corresponding decay parameter as introduced 
in fl^ results 



'^of (1230) ^7 7r± 



(0.33 ± 0.09) GeV-^ (111) 



Since there appears to be only a single experiment having observed the process 
a^(1230) 7vr^, the decay constant (II 111) has to be taken with a grain of 
salt. 

Using the parameters (jHSD together with the ai(1230) coupling constants of 
Table H] we derive the following decay constants 





7 77=*= 


= (-0.68 + zO.ll) 










■*7p" ~ 


-0.24 0.06, 


12) 
"aO- 


*7pO 


= -0.20 -z 0.07, 




-+ 7 ti) 


-1.59 -U. 16, 




-+70; 


= -0.75 -i 0.95, 




-+7</) ~ 


-1.10 + iO.OO, 


A2) 


-+7</) 


= -0.02 + z 0.00, 



(112) 



where we recall that G-parity invariance requires 



d^'i o = d^% ±. (113) 



-1 > 7 P 



We discuss first the process a^(1230) — >• 771=*= in more detail. The modulus 
of the decay constant obtained in 01121) is significantly larger than the value 
in (imp as implied by [12]. It is useful to decompose the decay constant into 
its contributions from the two channels, tt p and K K*, that are considered in 
this work. We find 

daf^^^± = {(-0.149 + 2 0.029)^1- 0.043^2} GeV-\ (114) 
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Table 9 

Decay constants that are implied by (jl57p . The various contributions have to be 
multiplied by the appropriate resonance-coupling constants gi of Table |H We use 
/ = 90 MeV, mv = 776 MeV. See also (fMII^. 



which illustrates that the vr p channel is dominant. We recall from Table H] the 
values gi = 3.8 and g2 = 2.6. A full decomposition of the decay constant into 
contributions proportional to various products of coupling constants is offered 
in Table [H The real part of the decay constant is subject to a cancellation 
amongst the term proportional to hp e and hyhpey in the up channel. As 
a consequence the result is quite sensitive to the precise value used for the 
parameter hy = 3.72. Recall that the latter was determined by the require- 
ment to recover the magnetic and quadrupole moments of the p^ meson as 
suggested by the light-front quark model [37j. This is a model-dependent as- 
sumption and may be relaxed. If we used instead the value hy = 6.3, we would 
arrive at a decay constant that is compatible with ( lllip . 



There is a further interesting point to be made. The contributions propor- 
tional to ev are a result of significant cancellations amongst two terms in both 
channels. The ratio of the first term implied by the Weinberg- Tomozawa inter- 
action and the second defined directly by the interaction tr (V^'^ /^) is about 
7:10 in the vr p and about 8:10 in the K K* channel. As seen from Table [9] all 
together the terms proportional to ey have little effect on the real part of the 
decay constant. However, for the imaginary part they stil play an important 
role. 



It may be desirable to confront our result with the recent work by Roca, Hosaka 
and Oset . As emphasized before, we can not reproduce the claim that the 
results obtained in |T0] for the af — > 771^ are gauge invariant. Nevertheless 
we scrutinize their contributions from the vr p and K K* channels to the decay 
constant d^+_^^^+, the only one considered in their work. We note that the 
ai(1230) coupling constants used are somewhat smaller than the ones derived 
in our work: given in our convention they read \gi\ ~ 2.6 and \g2\ — 1.4. We 
agree with [lOj to the extent that the decay is dominated by the vr p channel. 
However, we observe a significant difference in the predictions. In particular. 
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in X z/'-"'^-' 

±U A tt _|_ . 


in X r^'^-* 








X hp ey 


/+0.19\ , , /^-0.05\ , 


/-0.55\ , , (+0.14\ , 
l,-0.9lj '^^+ U0-38j ''^ 


X hA ey 


/-0.04\ , , /+0.09\ r 
1,-0. ISJ hv+y^Q_Qi) hy 


/+0.17\ , , /^-0.03\ r 
(,-0.07j (,-0.02j hv 


X hA ey 


f-Om\ , , /-O.G3\ r 
(,-0.14j '*^+ (,-0.02j '^v- 


(-0.0Q\ , , /+0.00\ r 
(,-0.05j (,-0.02j 


X eA 


/+0.74\ , 
[-2.21) 


/-2.19A h 
[-i.&b) '^p 


X eA 


/-0.16\ . , /+0.37\ I 
i-0.52j i-O.Osj 


/+0.68\ , , /-0.11\ r 
i-0.26j i-0.06j 


K K* 


-2.32 e/iA + 3.03 e 6a 


-1.22 e/iA + 1.49 e 6a 


X hA ey 


-0.02 hp - 0.05 hy + 0.01 hy 


+0.11 hp - 0.03 /ly - 0.00 hy 


X hA ey 


+ Alp + U.4o — U.Ui 


— U.ZD tip -T U.i ( /ly -T U.Ul /Zy 




-0.09 hA + 0.84 6^ 


-0.04 ft-A + 0.28 6a 


X eA 


-0.43 hp + 0.00 /ly - 0.06 hy 


+2.69 hp - 0.12 hy + 0.01 /ly 




10 X H^^^ 


in X (7^^^ 

ay ^ 7 


TT p 


/-5.26\ . , /+0.64\ , 
(_4.87je/iA+(+0.4lje^^ 


/-2.07\ . . (+0.22,\ , 
i-3.83j^'^^+i+0.27j^^^ 


X Ka ey 


?-0.26\ , , /-0.02\ r 
(,-0.40j '^^■+(^+0.06; 


/-0.09\ , , /+0.00\ r 
(,-0.5lJ hv+[+o_02) hy 


X Oa ey 


/+0.16\ , , /-0.00\ r 
[+0.43) ^v+[-0.02) '^v 


/+0.04\ , , /-0.00\ r 
[+0.20) ''^+[-0.00) 


X ejv/ 


/-0.34\ , , /+0.21\ , 
i-0.53j '^^+ i+0.57j 


(-0.12\ , , /+0.05\ , 
i-0.69j '^^+ i+0.27j 




-2.36 e/iA + 3.05 e 5a 


-1.27 ehA + 1.54e6A 


X YiA ey 


+0.33 hp - 0.07 hy + 0.06 hy 


-2.15 hp + 0.06 hy - 0.01 hy 


X 6^ e\/ 


— U.o± iLp u.lo ily — u.Zu fly 


-ro.z,^ lip — u.z± liy — u.lu Ily 


X Cm 


— U.Uy /lA + U.oo Oa 


— U.U4 nA + U.zy OA 




+ 1 32 /) D — 03 + 1 q /)T/ 


—8 60 ft D + 36 61/ — 02 6t/ 




10 X d^^^ 


10 X r^'^^ 


KK* 


-6.38 e/iA + 6.46 e 6a 


-4.90 e/iA + 4.89 e 6a 


X tlA ey 


V+O 05) 0.60 /ly - 0.25 /ly 


1 2^1^ j hp — 0.56 ray + 0.39 hy 


X 6^ ey 


(+0^20) /ip - 0.50 /ly + 0.84 ^y 


(-Si) + 1-94 fty - 0.72 hy 


X CM 


-0.13 /iA + 0.85 6a 


-0.10 /iA + 0.51 6a 


X 


(+a2o) ^P + 2.77 V - 1.00 hy 


(+0^44) hp-1.9ihy + 1.57 /ly 



Table 10 



Decay constants that are implied by ()1581 11591 1160p . The various contributions have 
to be multiplied by the appropriate resonance-coupling constants gi of Table HI We 
use / = 90 MeV, my = 776 MeV. See also (I961I95]). 
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we do not confirm that the loop contributions, that arise when the photon 
couples to the charge of one of the two intermediate states, are small (see the 
term proportional to hpe in Table [H]). We point the reader to the fact that 
Roca, Hosaka and Oset use a form of the p vr vr vertex that is forbidden in the 
chiral Lagrangian. Chiral symmetry requests the vector mesons to couple to 
a pair of Goldstone bosons with at least two derivatives involved. The claim 
of [To] to recover the empirical branching is a consequence of an additional 
tree-level contribution where the a]''(1230) decays first into a charged pion and 
a neutral p meson. In a second step the vector meson is converted into the 
photon via a gauge-dependent vertex of the form pg . According to [TU] the 
decay is completely dominated by that term. As repeatedly emphasized in our 
work, if the ai(1230) is considered to be a molecule, tree-level contributions 
to its radiative decay amplitudes do not arise in a systematic approach. For a 
more detailed discussion of this issue we refer to Appendix B. 

We turn to a discussion of the radiative decay of the ai(1230) into vector 
mesons. Again it is instructive to decompose the decay constants into their 



0.122(72, (115) 
0.063(72, 
0.117(72, 
0.097(72, 

d^!o_^^^ =(-0.006 + ^0.001) (72. 

An intricate picture emerges. The decay into the meson probes the second 
channel only. While the decay into the u is dominated by the first channel, 
the decay into the p° probes both channels with almost equal weight. In Table 
[To] a complete decomposition of the decay constants into terms proportional 
to the various parameter combinations can be found. 

The table explains the source of the large asymmetries in the decay constants, 
i.e. 7^ (i*^^^ Most strikingly this is realized for the decay of the ai(1230) 
into a meson. This would imply a significant asymmetry in the angular dis- 
tribution of the decay process. The asymmetry is the result of a cancellation 

(2) 

of terms proportional to eh^ and hAhpCy in d j^^^^- The analogous contri- 
butions in d^^^^^ add up constructively. It remains to be seen whether this 
phenomenon persists in a complete computation. 



contributions from the two channels 





■+7pO 


(+0.021 - 


i 0.015) ^1- 


d^l 


->-ypO ~ 


(-0.010- 


i 0.019) gi - 


d^'l 


7 a; 


(-0.338 - 


z 0.305) ^1- 




-> 7 lii 


(-0.131 - 


z 0.249) gi - 


d^'^0 

«1- 


-+70 ~ 


(-0.423 + 


i 0.000) c/2. 
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^.7 Radiative decays of the i^i(1272) 



We turn to the radiative decays of the i^'i(1272) molecule. The charged state 
may decay into either 'j or 'jK^. The neutral state decays into 'y or 
'yK^. The Particle Data Group [16] quotes the ir?(1272) K° process 

as seen, but does not provide any information on the other radiative decay 
processes. So far there is a single experiment studying the radiative decay of 
the 7^1(1272) meson relying on the Primakoff effect only. For the partial decay 
width of the neutral state the KTeV collaboration [13] obtained the following 
result 



rxO(i272)^7A'o = (73.2 ± 6.1 ± 28.3) keV . (116) 

Using the central value of the Ki mass of 1272 MeV as claimed by the Particle 
Data Group [16] the corresponding decay parameter as introduced in ( I5T!) 
results 



(0.13 ± 0.04) GeV~^ (117) 
Clearly, an independent experimental confirmation is necessary. 



Using the resonance-coupling constants gi of Table S] together with the pa- 
rameters of fl96l) we arrive at the following decay constants 



dK±^^K± = (-0.35 -i 0.03) GeV"\ 
dj^o _^^o = (+0.44 + i 0.09) GeV-^ , 

d% ^± = -0.15 + i 0.01, d% ^± = -0.53 -i 0.12, 

c^^^o _^^o = +0.69 + i 0.06, rf^J^o ^^^0 = +0.67 + i 0.06. (118) 

We do not recover the decay constant (11171) of the KTeV collaboration. As 
repeatedly pointed out in this work this may hint at the importance of addi- 
tional channels involving a pair of vector mesons. The latter is expected from 
[9] and also from the power-counting rules (!22l[25!) . The decay constants given 
in (I118p are partial to the extent that so far contributions from two-body 
channels involving a Goldstone boson and a vector meson are considered only. 

We discuss the physics behind the values (11181) . Consider first the radiative de- 
cays with a pseudo-scalar particle in the final state. The two decay parameters 
are decomposed into contributions from the five channels vr K* , K p, K u, rj K* 
and K characterized by the molecule-coupling constants gi of Table HI We 
obtain 
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10 X d,^,+_^^+[GeV-^] 



/+3.13\ , , /-0.61\ 



-1.68\ , N 
H.48j ''^'''A 



^+3.13 
-0.54 

/+0.53 
\-0.41 

//+1.48' 



ftp e + 
hp Em 
Ua + 



+ 



+ 



+ 



/-0.50\ , /+0.67\ , /+0.04\ , X 
(-1.41 j 9D + (^+1.89 j Qf + (^+0.12 j ^d) 

/+0.23\ , , /+0.04\ r x 
(^-O.ISJ '^^ + (^-0.10 ) 

+0.37 
-0.07 



-0.67 

-1 

-F0.04^ 
-0.10, 

-0.42 
-0.65 



hy) hp ev 



bA hA + 



-0.32 
-0.51 



Kp 



-0.34 1 + 
(^+0.28 ) '^P 



-0.25\ „ 
-0.06 j «^ 



+ 



+ 



-0.48\ 
-0.11 ) 3D 



-1.81 
-0.42 



. , -0.76 , , , 
9F + ( -0.18 ) ^D)ev 



0.70 
+0.03 



hA ■ 



-0.38 
-0.18 



6a) BA + 



/+0.14\ , , /-0.08\ I -.1, , 
\+Q.2l ) + (^+0.07 ) «^ 

0.10\ ,2 , 
+0.00 j '^A + 



f0.18 ''■^ ''■^ 



+1.43 ^ ^2 



+0.42 



if a; 



+1.95 ftp e + 1.43 
(+0.40 ftA -0.26 6A)eA 



-0.81 go - 1.46 pp - 0.776d) ey 



+0.14ft^ 



0.68 6a ftA + 2.89fei)ev 



+6.33 ftp e + 0.55 ev 

+0.98 ftp CM 

(+1.61 ftA - 1.636a) eA 



-0.25 go + 0.39 gp + 0.14 ho) ev 

+0.63 ftv +0.41 hv)hp ev 

+0.29 h\ - 1.36 6a ftA + 0.29 fei) ev 



if 



-2.12 ftp e- 0.60 ev 
(+0.45 ftA - 0.45 6a) eA 



-0.20 go + 0.36 gp + 0.09 613) ey 
+0.16 h\ - 0.83 6a ftA + 1.51 6^) ev 



10 X d^o^^^o[GeV-'] 



■nK* 



+0.98 
+2.78 



(i3'i)^-+( 

-1.07\ , 
-0.83 j '^P 



,/-0.03\ , , /+0.03\ , X 

y\-Qm)'^A + (,+0.01 j 



+ 



+ 



/+0.23\ , /-0.35\ , /-0.03\ , n 
(+0.65 j 90 + (-1.00 j 5f + (-0.09 j ev 



( 



+0.63\ , , 
-O.49J + 



)eA + 



-0.01 
-0.00 



h\ 



+0.10 
-0.27 

-0-17\, . 
-0.49 j "--^ 



ftv) ftp ev 



-0.09 
-0.24 



6a) ev 



Kp 



+8.39 
+0.88 

-0.19 
-0.28 



) ftp e + 



ftp eM 



+3.08\ ^ 
+0.71 J «^ 



+ 



+ 



(+Q.Q7\ „ , /-0.67\ 
(+O.I5J 9D + (^_o.i5j 

/-0.14 
(-0.21 



ftv + 



+0.07\ ,2 , 
-0.00 j ''■A + 



/+0.08 
(-0.07 

-1.08 
-0.17 



gp) ev 
ftv) hp ev 
bA hA + 



-2.06 
-0.54 



5a) ev 



(-0.80 ftA + 0.53 6a) eA 



+0.90 go + 0.24 gp + 0.39 615) ev 



-0.16 h\ + 0.75 6a ftA - 3.22 6^) ev 



r]K* 



-0.16 ev 



(+0.86 ftA - 0.79 6a) eA 



-O.lOgD - 0.06 3P - 0.166i3)ev 
-0.10 ftv -0.07 ftv) ftp ev 



+0.10 h\ - 0.93 6a ftA + 2.39 b\) ev 



K4> 



(-0.90 ftA + 0.90 6a) eA 



+0.22 go - 0.06 gp + 0.09 bo) ev 



-0.18 h\ + 0.92 6a ftA - 1.68 b\) ev 



Table 11 

Decay constants that are implied by (jl61l [T63|) . The various contributions have to 
be multiplied by the appropriate resonance-coupling constants gi of Table HI We use 
/ = 90 MeV, my = 776 MeV. See also (f96|[95]). 
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d^f^^Ki = {(0.050 - i 0.052) gi - (0.059 + i 0.002) ^2 

+ 0.044 ^3 + 0.098 ^4 - 0.022 ^5} GeV"^ , 
dK<i ^jKO = {(0.090 + i 0.077) gi + (0.138 + z 0.019) ^2 

- 0.003 g3 - 0.003 g^ - 0.009 ^5} GeV"^ . (119) 

The decomposition flll9p reveals an interesting pattern. While the radiative 
decay of the charged state is dominated by the K p and rj K* channels, the 
decay of the neutral state is largely determined by the K p channel only. Note 
that the coupling constants g2 = 2.9 and g^ = —2.5 of Table H] have opposite 
signs such that the two dominant terms in the —> decay add up 

constructively. The contributions of the first and fifth channels are suppressed 
due to small coefficients in ( ]119p . but also due to small coupling constants 
gi = 0.4 and g^ = 0.1. 

In Table [11] we present a further decomposition of the two decay constants 
into terms proportional to various products of the coupling constants (1961) . 
We discuss first the — > 7 decay in more detail. The large contribution 
from the second channel is dominated by the terms proportional to hp e and 
ey. The term proportional to ey is the constructive sum of two terms: the 
first implied by the Weinberg- Tomozawa interaction, the second directly by 
the term tr [V^'^ f^u)- The relative size of the two contributions is about 7:3. 
Since the terms proportional to hp e and ey are of almost equal magnitude the 
relative phase of the parameters hp and ey matters crucially. We recall that 
the magnetic moment of the p meson determines the relative phase of ey and 
hy (see (j34l[38ll ). Furthermore the relation (j26ll suggests a correlation of phases 
for the parameters hy and hp. All together this implies both parameters hp 
and ey to be positive. Incidentally, the same conclusion follows from a study 
of the pion electromagnetic form factor [19] . 

Consider now the — > 'j decay. In this case the second and fourth 
channel are dominated by the terms proportional to hp e. This is a consequence 
of a significant cancellation amongst the two contributions proportional to ey. 
In the Kp channel the ratio of the two is 9:8, in the t] K* channel it is 11:5. In 
the latter channel note the sizeable contribution from the terms proportional 
to h\ ey and /i^ &a ey . They are of almost equal size, however, they contribute 
destructively, such that their combined impact is much reduced. 

We turn to the decays with a vector particle in the final state. While the two 
decay constants presented in (11181) are almost degenerate for the neutral state, 
a significant asymmetry is observed for the charged state. In order to trace 
the source of this striking effect the decay constants are decomposed into their 
contributions from the five channels 
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Cl 1 


10 X d%^^^^ 


ttK* 


{-^lM)-hA+(tllf)ebA 


(;o:69)«^^ + (J:i8)^^^ 


X hp ev 


/ Q Q2\ 04\ 

V-0!24j + 


(,-0:41 j '^^+ (, + 1:21 j 


X hA ev 


/_j_Q 25\ / 16\ ~ 

i+o:38j + (+o:o3j 


'^^ + (,+0:03 j 


X bA ev 


/-i_n ns\ /-i-fi ~ 

/ -|-U.UO \ I , / -|-U.UO \ J 

(,+0.31 J + y+om) '^v 


/+0 12\ / 01\ ~ 
[+0.15) + (^+0:03 j ^'V 


X CM 


(,+0.43j + l,+0.30j °A 


l,+0.16j ''^+ (,+0.15j ''A 


X eA 


(-i:64j 


/— 5 21\ 
(,-2>9j 


X eA 


/_j_Q / g gg\ ~ 

i+o:39j'^i' + i+o:ioj 


/ — U.oo \ I I / i-U.oo \ I, 

i+0.23j + V+0.09j 


Kp 


i-0.06je/»A+(-0.35je^^ 


(,-0:i2je/»A+(_o:27je^^ 


X hp ev 


/_j_Q / Q Q4\ 

(-0;34j + (+0^13 j 




X Ha ev 


/_Ln 1 0N /_Ln ni \ ~ 
y^QM) '^v + (,+0.01 J 


\-Qxn) + (^+0:00 j 


X bA ev 


/ "T^.UU \ I I / -t-u.u< \ I 
(,+0.88j + (,-O.OlJ 


/+2 23\ z'+O 03\ ~ 
\+{)A7) + (^+0:02 j 


X CM 


/+0.26\ , , /+5.33\ , 


/-0.03\ , , /+2.72\ , 
V-O.OlJ + V+0.63j °A 


X eA 


( +0.62\ , 


{-Q.ifj ^p 


X eA 


z'+O 35\ u /— 25\ r 

i+o:o3j'^^ + i+o:oij'*^ 


[+omj ^^^ + (+0:01;^^ 


Kuj 


+2mehA - 3.28 e 6a 


+1.38 e/iA- 2.41 e 6a 


X Ha ev 


(-oJlJ + 0-12 hv + 0.05 V 


(-2:65) /lP + 0.17/ly-0.03/ly 


X bA ev 


(+021) + 0.58 hv - 0.23 hv 


(+0:76) + 0-02 hv - 0.04 /ly 


X CM 


+0.29 + 1.46 6a 


+0.14 /iA + 0.72 6a 


X eA 


(izol) " 0.18 V + 0.14 hv 


(-10 e) + 0.22 hv - 0.09 /ly 


r]K* 


+0.94 e/iA- 3.46 e 6a 


+0.53 e/iA- 1.59 e 6a 


X Ha ev 


-0.53 /ip - 0.09 hv + 0.00 hv 


+3.06 /ip + 0.06 hv - 0.03 ^y 


X bA ev 


+1.30 /ip - 1.70 /iv - 0.18 hv 


-7.46 /ip - 1.24 /iy + 0.03 /ly 


X CM 


-0.01 /lA - 2.67 6a 


+0.00 /lA- 1.216a 


X eA 


-1.50 /ip - 0.53 /iv/ + Q.lbhv 


+8.61 hp + 0.51 /ly - 0.21 hv 


K(t) 


+1.60 e/iA- 1.92 e 6a 


+1.09 e/iA- 1.37 e 6a 


X Ha ev 


+0.66 /ip + 0.08 hv - 0.05 /ly 


-3.00 /ip - 0.04 hv + 0.01 hv 


X bA ev 


-2.38 /ip + 0.57 /ly + 0.19 hv 


+10.8 /ip + 0.46 hv + 0.05 /ly 


X CM 


+0.09 /ia + 0.62 6a 


+0.05 /iA + 0.30 6a 


X CA 


+4.56 hp + 0.05 /ly - 0.13 hv 


-20.7/lp -0.18 /ly + 0.03 /ly 



Table 12 



Decay constants that are implied by (jl62p . The various contributions have to be 
multiplied by the appropriate resonance-coupling constants gi of Table HI We use 
/ = 90 MeV, my = 776 MeV. See also (j96|[^. 
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dx^^^K^ = (-0.075 + z 0.081)^1 - (0.076 + i 0.006) c/2 
+ (0.116 - i 0.008) ^3 + 0.017 + 0.093 c/5 , 
d% j.± = (-0.012 + i 0.048) gi - (0.126 + i 0.032) ^2 

- (0.044 + i 0.041) gs + 0.047 g^ + 0.026 g^ , 
t^^io _^k2 = (-0.197-^0.135)^1 + (0.282 + i 0.037) ^2 

- (0.013 - i 0.008) ^3 + 0.014 g^ + 0.013 g^ 
d% ^^k2 = (-0.094 -^0.108)^1 + (0.172 + z 0.021) ^2 

+ (0.090 + i 0.041) gs - 0.047 c/4 - 0.039 g^ . (120) 

As is evident from f ll20p the large asymmetry in the charged decay is a con- 
sequence of a significant cancellation in ± of contributions from the 

second and third channel. The role of the K u channel is minor even though 
the corresponding molecule-coupling constant g^ = —2.5 is large. 

In Tables [12] and [13] a further split of the decay constants into moments pro- 
portional to various products of coupling constants is presented. Again various 
cancellation mechanisms are at work. 
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10 X rf^o^^^n 



10 X d' 



(2) 



ttK* 
X hp ev 
X Ha ev 
X bA ev 

X CM 

X eA 



-3.05 
-2.20 

+0.01\ 
+O.I7J 

-0.12 
-0.12 

+G.04\ 
+O.O5J 

-0.16 
-0.12 

-0.03\ 
+0.00 j 



ehA 
hA + 



h 



V ■ 



hA + 
hv + 



-0.28 
-0.16 

-0.03 
-0.59 

-0.02 
+0.03 

+0.00 
-0.01 

+0.08\ 
+O.I3J 

+0.01 
+0.00 



ebA 
bA 
hv 
hv 
bA 
hv 



55 
73 

54^ 
29j 

04^ 
12, 

01 
03 

06 
16 

03^ 
00 y 



ehA 
hA 
hv 
hv 
hA 
hv 



+ 



f+0.13 
l+O.ll 



^ebA 



) + {-lit) 

) + (+0:01) 



) + (+0:00) 



1.34^ 
0.88; 

0.00^ 
0.01 V 

-0.00 
-0.01 

-0.03 
-0.07 

0.01 
0.00 



bA 



Kp 

X hp ev 
X hA ev 
X bA ev 
X eM 

X CA 



+5.31 
+0.82 

+0.35 
-0.33 

+0.14 
+0.03 

-2.35 
-0.50 

+0.31 
+0.06 

+1.40 
-1.31 



ehA 
hA + 



-6.53 
-0.94 



ebA 



-0.09\ , 
1-0.13 j 



+ (-0:01) 



hv + 



-0.02 
-0.02 



) hA + (.oil) 



,61^ 
,65J 

,41 



) e/iA+ (^ojo) 



25 
05 

36^ 

28 y 

31 
07 

65 
55 



ehA 
hA 
hv 
hv 
hA 
hp 



-0.36 
-0.28 

-0.02 
-0.00 

0.02> 

0.01; 

-1.28 
-0.30 



ebA 
bA 



bA 



X hA ev 
X bA ev 
X eA 



-0.55 
-0.51 



hp + OM hv-Omhv 



-5.28 
-2.65 



/ip-0.10V + 0.04 V 



io 21) + 0-25 V + 0.26 hv 
+2 04) + ^-^^ ~ ^-2^ 



-I'M) + 0-42 hv + 0.04 hv 
Jfoi) hp-Q.Uhv + O.lQhv 



riK* 
X /i^ ev 
X bA ev 



-0.59 hp -0.06 hv + 0.Q6hv 
-1.45 /ip + 0.25 hv - 0.25 /ly 
-3.00 hp-0A6 hv + O.ilhv 



-3.40 /ip + 0.12 hv - 0.03 hv 
+8.30 /ip - 0.37 hv + 0.03 /ly 
-17.2 /ip + 0.76 hv-0.2lhv 



K<t) 
X /lA ey 
X bA ev 

X eA 



+0.66 hp - 0.03 /ly + 0.05 hv 
-2.38 /ip - 0.26 hv - 0.21 hv 
+4.56 /ip- 0.11 /iv + 0.25 /ly 



-3.00 /ip + 0.07 /ly- 0.01 /ly 
-10.8 /ip- 0.33 /iy-0.06 V 
-20.7 /ip + 0.37 /ly- 0.07 /ly 



able 13 

Decay constants that are implied by ()164p . The 
multiplied by the appropriate resonance-coupling 
/ = 90 MeV, my = 776 MeV. See also (j96|[^. 



various contributions have to be 
constants gi of Table HI We use 
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5 Summciry 



In this work we studied strong and electromagnetic properties of light vector 
and axial-vector mesons based on the chiral Lagrangian constructed for the 
octet of Goldstone bosons and the nonet of light vector mesons. The com- 
putations were guided by novel counting rules that put chiral and large-iVc 
properties of QCD into the context of the hadrogenesis conjecture. For tech- 
nical reasons we represented the vector states by anti-symmetric tensor fields. 

It was demonstrated that the counting rules recover successfully the hadronic 
and electromagnetic properties of the light vector mesons. In particular the 
substantial flavor breaking in their radiative decay amplitudes was obtained 
naturally. To further scrutinize their usefulness it would be important to es- 
tablish QCD lattice simulations for the magnetic and quadrupole moments of 
the hght vector mesons. 

The original computation for the spectrum of axial- vector mesons was refined 
deriving the chiral correction operators of order to the coupled-channel in- 
teraction that generates the spectrum. It was found that in the absence of ex- 
plicit u- and t-channel processes the local counter terms acquire non-universal 
values, i.e. the two free parameters that enter in a combined chiral and large- 
Nc approach take values that depend on the molecule state. Though such 
a phenomenology is able to recover the properties of the axial-vector meson 
spectrum quite reasonably, this asks for further developments. In particular 
the incorporation of explicit t- and u-channel processes as well as additional 
channels with two vector mesons, as mandated by the counting rules, is highly 
desirable. 

We derived systematically the one-loop contributions to the radiative decay 
amplitudes of the axial- vector molecules /i (1282), 6i(1230), /ii(1386), ai(1230) 
and i^i(1272) with a Goldstone boson or a vector meson in the final state. 
It was emphasized that if a state is generated by coupled-channel dynamics 
there are no tree-level contributions like one may expect from the vector-meson 
dominance picture. The inclusion of such effects would be double counting. 
Detailed tables where the decay amplitudes are decomposed into the various 
contributions from different channels but also from different parameter com- 
binations were presented and discussed. All parameters with the exception of 
one, which could be determined by precise values for the magnetic moments of 
the strange vector mesons, are known reasonably well. We unravelled various 
significant cancellation mechanisms that illustrate the importance of system- 
atic computations. 

The established results for the radiative decays of the axial-vector molecules 
are still partial since so far only contributions of channels involving a pseudo- 
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scalar and a vector meson were considered. From previous computations in 
the charm sector and also from the counting rules we expect the impact of 
channels with a pair of vector mesons to be significant. 
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Appendix A 



In the following we establish how the scalar decay parameters ( 15^ define the 
angular observable measured in the decay chain 1+ — 7 1^ — 70^ 0~ (see 
|4U] ) ■ One determines the angle between the photon (momentum q) and one 
of the decay products (momentum k) of the 1~ vector meson in the rest frame 
of the 1~. In this frame the following relations hold: 



p-q = M^-E^, p'^ = Ml- + 2 Ml- , 
k- q = EkE^-\k\E^ cos^, k ■ p = Ek M^- + k ■ q . (121) 

On account of the hp interaction of fl^Tl) the matrix element for the decay 1^ ^ 
0~0~ comes with fc^ {p — k)i3i which is contracted with Mpj^i^^^aa'- Therefore 
the relevant quantity is given by 



p°'fc^/'M^^, ^,„„,(p, q) g^^g-^ p^' k'f M*ss>,,,,y{p, q) 
= ^E^^Ml+Ml.P 

which has to be matched with poo cos^ + pn sin^ {}. Thus one gets for the 
experimentally accessible ratio [IQ] 

Poo _ o \d?L,i-\' M,-+2E, _^ 
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Appendix B 



This appendix consists of two parts. We first point out why the decay of a 
dynamically generated state always happens via a loop. In the second part 
wc elaborate on possible double-counting issues as for instance encountered in 

m- 

Consider the interaction K between two scattering particles A and B. Their 
two-particle propagator which emerges in the rescattering process is denoted 
by G. We can be very schematic here. The scattering amplitude T is given by 
the geometric series 

T = K + KGK + ... = ^^^^T^j,GRTn. (124) 



In the last step we have indicated that this series can be reinterpreted as 
a resonant propagator, Gr, and the coupling vertex Tr of this dynamically 
generated resonance to the states A, B. Now we consider the case that the two 
considered particles scatter into a different final state — for the case of interest 
into 7-1-5. The corresponding interaction is supposed to be very small 
such that rescattering can be neglected here. The corresponding scattering 
amplitude is given by 



T^ = K^ + K^GK + K^GKGK + ... = K^ + K^G ^ 



l-GK 

^K^ + K.,GT^j,GrTr. (125) 

The first contribution is non-resonant. If we want to describe the decay of the 
resonance into 7 -|- -B instead of the reaction A -|- i? — > 7 -|- 5, this first part 
provides non-resonant background. One can argue that close to the resonance 
mass (and for not too large resonance width) this first term can be neglected 
since Gr becomes large. This corresponds to the experimental procedure of 
background subtraction. The resonance decay is just given by K^GT^R. In- 
evitably the loop G appears here! This line of argument is the basis of our 
approach which we follow in the main part of the present work. 

We note, however, that there is one case conceivable where one might take 
an alternative point of view: for the very special case that A directly converts 
into a photon, one has = Ga K with a strength of direct conversion 
and the propagator Ga of the state A. In this case one might include the 
non-resonant piece in fll25p in the resummation process and obtain 

T, = g,GAT-^ g, Ga T^r Gr Tr = K, + K,G tJ^ Gr Tr , (126) 
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i.e. the decay of the resonance is given by g^GA^ii- This expression does not 
contain a loop. We stress, however, that the difference between the general 
formula G r|j and Ga r|j is just a non-resonant term, i.e. of no concern 
for the resonance decay. If one aims at a description of the whole reaction 
A + B ^ + B one has to be aware of the possible non-resonant term. But 
this is a different issue. In the following we will always start with the general 
formula G fJj. In the graphical representation of the relevant processes we 
will see where one might switch to the corresponding tree level diagrams for 
the special case discussed above. 

Next we will discuss pertinent diagrams that emerge from specific Lagrangians. 
Different representations of vector mesons and their interrelations will be com- 
pared. This will set the stage for a thorough discussion of double counting 
which can occur, if one considers tree and loop diagrams for the radiative de- 
cay amplitude of a dynamically generated state. We will follow the discussion 
in 01] concerning the construction of Lagrangians which obey chiral con- 
straints and gauge invariance. In [H] vector mesons are represented in terms 
of six-component antisymmetric tensor fields but alternatively also in terms 
of four- component vector fields. Note, however, that the conventions of [B] 
differ from ours to some extent. To stay compatible with the rest of our work 
we translate the formulae of [H] into our conventions. 

Following [TU] we will restrict ourselves in this appendix to the channel 1+ — 
7 0~ and assume the vector particles to be represented by vector fields. As dis- 
cussed before the coupled-channel part of the work [10] considers the vector 
mesons as heavy-matter fields coupled to the Goldstone bosons. The corre- 
sponding effective chiral Lagrangian including electromagnetic fields is well 
established [S]. In terms of the conventions and notations of our work the 
relevant terms read 

= /' tr {C/" C/j} - i tr {l>.„ V""} + i ml- tr {W 

+ 0(V^'), (127) 

with 



1 (evmv + .myhp \ 

The vector field has chiral transformation properties identical to the tensor 
field Vfj,i, used throughout our work. The covariant derivative and the 
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objects were specified in ([3l [T5|) . 



As pointed out first in [1] the Lagrangian fll27p provides a Weinberg- Tomozawa 
type coupled-channel interaction that may be used to generate axial-vector 
molecules dynamically. Since the follow-up work [lOj bases its molecule for- 
mation on the latter Weinberg- Tomozawa interaction one may expect the com- 
putation of the radiative decay properties to be based on the same Lagrangian 
(11271) . Unfortunately this is not the case: the use of the direct gauge-dependent 
vertex in [10] is a clear signal of this inconsistency. Note that such ver- 

tices are not part of (11271) . 

It should be mentioned, however, that the radiative decay computation of [lU] 
may be viewed as being derived from a phenomenological Lagrangian, where 
the vector mesons are considered as non-abelian gauge bosons p!T][T2] . In this 
scheme the chiral Ward identities and electromagnetic gauge invariance follow 
as a consequence of a non-abelian gauge symmetry. We recall from [Hj the 
relevant terms 



>Cvector,2 = f tl {U^ - {V,, W""} 



-F-m2 tr UVf" -—T^' + -A^'(u^Qu + uQu^Y\ , (129) 
4 1^ ^ ^ M 



with 



(130) 

It has been shown in [H] that under certain conditions the two Lagrangians 
(11271 1129p yield identical results in their description of low-energy physics in 
a tree-level computatiorf^. The latter requires the particular choice 



4emi- 2mi- 



ey my 



my hi 



(131) 



Since the condition (11311) holds reasonably well empirically, it is justified to 
consider the phenomenological Lagrangian (I129P as a rough approximation 



The matching requires additional terms in (I127P of the form 



vector 



1 f 

+ ^|tr{ 



v;.,K]_y-} + |!tr{ 



] 
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to the systematic chiral Lagrangian fll27p . Note that the Lagrangian (11291) 
contains a term pg ^Iso a. pinT vertex that involves one derivative only, 
as used in [TU]. 

It is important to understand that according to the different chiral transfor- 
mation properties of the vector fields V"^ and the field strength tensors 
Vf^i, and V^j, are distinct (see (1128^ I130p and [44J). This will have important 
consequences for our discussion below. 

We discuss the two Lagrangians (11271 11291) as to be applied for a computation 
of radiative decay processes. The contributions we consider are selective as the 
purpose of the presentation is to unravel a potential double-counting issue. A 
complete discussion with all relevant terms as they result using tensor fields 
is presented in the main part of this work. 

For simplicity we focus on processes where the intermediate vector meson 
carries a charge but the intermediate Goldstone boson is charge neutral. The 
Lagrangian (I127P contains 

1) a coupling of a photon to two vector mesons from minimal substitution 

2) a Weinberg- Tomozawa term, i.e. a four-point interaction with two vector 
and two pseud-scalar states 

3) a three-point interaction ~ /ip with one vector and two pseudo-scalar 
states which involves three derivatives 

4) a four-point interaction ~ /ip e of two pseudo-scalars, one vector and one 
photon emerging from minimal substitution 

5) a term ~ ey for direct conversion of a vector meson into a photon 

6) a second four-point interaction ~ ey of two pseudo-scalars, one vector 
and one photon. 

The Feynman diagram which emerges for the radiative decay of an axial- vector 
state from the interactions of items 1) and 3) is depicted in Figure [2] on the left 
hand side. The sum of bubbles just produces the dynamically generated state 
in terms of the Weinberg- Tomozawa vertex 2). The corresponding diagram is 
shown on the right hand side of Figure [2j Electromagnetic gauge invariance 
requires the consideration of analogous contributions involving the interaction 
of item 4). It is emphasized that even though one may draw additional con- 
tributions where the final photon results from a direct conversion of a neutral 
vector meson, such terms are zero identically for on-shell photons. We note 
in passing that the Feynman diagram implied by the four-point interaction of 
item 6) is not considered in [TU] . 

The Lagrangian (11290 neither contains a coupling of a photon to two vector 
mesons from minimal substitution nor a Weinberg- Tomozawa term. The rea- 
son is that as given in (11301) contains partial derivatives and not covariant 
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Fig. 2. Feynman diagram emerging from the Lagrangian (jl27p . Full lines denote vec- 
tor mesons, dashed lines pseudo-scalar mesons, wavy lines photons and the double 
line an axial- vector meson. 

ones. Only the latter involve the photon field via minimal substitution and 
the coupling to Goldstone bosons (cf. the definition ([3])). However, the La- 
grangian f ll29p does contain the other interactions described above in items 3) 
to 6) with some remarkable differences: the interaction of one vector and two 
pseudo-scalar states involves only one instead of three derivatives. The direct 
conversion of a vector meson to a photon ~ Vf^A^ does not vanish for real pho- 
tons. In addition, both Lagrangians fll27[ I129P contain three- and four-point 
interactions of vector fields. The four-point interaction is of no concern for the 
considered processes. 

The axial- vector states are formed in the case of (11291) by an iterated t-channel 
process: a vector meson is exchanged between a vector and a pseudo-scalar 
state. As already noted there is a three-point interaction for one vector and 
two pseudo scalars with one derivative and a three-point interaction for three 
vector mesons — also involving one derivative. For small enough energies 
one might neglect the Mandelstam variable t in the vector meson exchange 
and effectively get back a Weinberg- Tomozawa type coupling with the right 
strength and form. In this way the chiral low-energy theorems are satisfied 
by the Lagrangian f ll29p . We will not judge here whether it is a reasonable 
approximation to reduce the t-channel process to a point interaction in the 
energy region of the axial-vector states. The important issue in the following 
is that one should not forget that the original diagram is a t-channel process. 

The Feynman diagram for the radiative decay of an axial-vector state which 
corresponds to the one depicted in Figure [2] is shown in Figure El Indeed, it 
is not complicated to make the diagram on the left hand side of Figure [3] to 
resemble the corresponding one in Figure [2l One just has to remember our 
previous discussion: if one reduces the vertical vector-meson lines to a point 
for all but the interaction line most to the left, then the two diagrams already 
look very similar. The only difference is that the photon is directly attached 
to the vector meson line in Figure [2] while it converts first to a vector meson 
in Figure [31 But this is just how strict vector- meson dominance works: elec- 
tromagnetic interactions of hadrons proceed via vector mesons. Passing from 
the left diagram of Figure [3] to the middle one indicates again the dynamical 
generation of the axial- vector state. 

To summarize: the diagrams in Figure [2l emerge from the Lagrangian (11270 
whereas the ones in Figure [31 are implied by the Lagrangian (I129p . In turn, 
neither the Lagrangian (11270 yields the diagrams in Figure [31 nor does the 
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Fig. 3. Feynman diagram emerging from the Lagrangian (jl29p . Full lines denote 
vector mesons, dashed lines pseudo-scalar mesons, wavy lines photons and double 
lines axial- vector mesons. 

Lagrangian (11291) lead to the diagrams of Figure [21 In fll27p the direct conver- 
sion of a photon to a vector meson vanishes for real photons. In (11291) there 
is no direct coupling of the photon to the charge of the vector meson — it 
is generated by the radiations of neutral vector mesons which convert into a 
photon via vector-meson dominance. The diagram on the left hand side of Fig- 
ure [3] might be reinterpreted as a tree diagram with a dynamically generated 
axial- vector meson. This is indicated in Figure [3] by the last diagram. Such a 
reinterpretation is possible, albeit there is no need to do so. 

In [To] the tree diagram depicted on the right hand side of Figure [3] and the 
diagram shown on the right hand side of Figure [2] are studied. However, as 
worked out in depth above there is no effective Lagrangian that is consis- 
tent with the chiral constraints of QCD and produces both diagrams. We 
have demonstrated that the two diagrams actually correspond to each other. 
Therefore, it is double counting to consider both diagrams simultaneously as 
done in [10]. 
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Appendix C 

The decay constant di+ of (!5T]) is computed by contracting of the gauge 

invariant tensors (MR W2i E21 EH EHl EOl EH ES]) with the anti-symmetric tensor 

We provide the results in terms of the master loop integrals lab, lab, Jabc and 
Jabc introduced in (157|) . According to the arguments of [9] reduced tadpole 
contributions are dropped. Using = and {p — q)^ = Mj we derive 



16 {p ■ q) Mj A^^ 



+ 



2Mj 



nil 



+ (M]-Mf) (-ml + ml + Ml 
Mj -2(ml + ml) Mf + {ml - 



ml 



Lab 



+ •2 ({ml- 



m. 



m„ 



2{ml + Mf) ml+{ 



ml-M] 



M 



Mf 



Lab 



+ Aml Mf Mf [ml -ml- Mf) (m^ - Mf) J^ab , 



^ab 



M] 



16 {p ■ q) M] P(%) P, 

- - (5m2 + 3m2) MJ + 2 (ml 



(ml-mt)M'^-(Sml + Mf)Mt 



Mf 



Lab 



+ 



Mf -2(ml + ml) Mf + (ml - 
- (Mf + (ml 



ml 



Mf 



2 ( m„ — mt 



MfMf 



2Mf+(ml-5 ml) Mf + (ml 



2mlMfM?(M^,-M?] {-2ml 



f 



2 ml 



m. 



Mf 



Mf 

3M: 



lab 

J abb ■ 



(133) 



and 



12 [p . q) Mf Mf p(°-j CX/ = Mf [6 (ml - ml) (ml + ml) Mf 
-?>(ml + mf) (ml - 2ml + ml - Mf) (Mf - Mf) Mf 
+ (Mf - Mf) '(-Mt-(ml + mf) Mf + 2 (ml- ml) ' ) 
- (Mf - MfMff (2Mf - (4ml + + Tmfj Mf 
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and 



+ {ml-ml) {2ml + 3ml + mfj) 



+ 3 {ml 



m. 



- {^1 - 



Mf Mf [Mj (-2 ml + 3ml-ml + ufj 



ml + M}]Mt 



I- be 



+ 6 (mg + mfj M}Mf[- ml Mj + (ml - ml) M} 
+2mlMfMj-mlM^]jabc, 



(134) 



p(O-) / ^f,,af3 _ ^f,,a(3 



p-q 



8Mf - 4 (ml + 13m2 + Mj) 
- 4( (ml -mlf+ (ml + ml) Mj) + S (ml - mfj" M]\ he , 

3 ^ <1 (^^^ C'abf + CTe') = [-3M!-2(ml-miy Mj 
+ (Mj + 3(ml + ml)) Mf + (ml + m^) Mj M^] , 



and 



and 



M? ^(o_) ( ml + ml ^i^,^0 

nh,- 



abc 



^abc 



3Mf 



p-q — V 2 

+ (3ml + 6ml + 9ml + Mj) M^ - 2 (^l - ^c)' ^j 



+ 



((ml + ml) Mj -6 (ml- ml) (ml + ml)) Mf] , (135) 



° f ^ti,al3 ^ab 



M^ Mj + (ml - ml) Mj-2Mf M 



l-ab 



+ Mj (-ml + ml + Mj) Mf lab + 2 ml Mj Mf (m^ - Mj) , 



94 p(O-) nM,a/3 



3 ml 



(-^1 + 



ml + M^)M^ 



- (Ml - Mj) (ml +(ml-2 M^) ml-2mt + Mt + mlM^) 
+ 3(mt-2 (ml + Mf) (w^ - Mj)") Mf 

- 3 Mj (ml -(ml + 2 Mj) ml + Mj - 3 ml Mj) Mf I,, 

+ 6 mt Mj Ml (Ml - Mj) , (136) 



p-q 



p{0-) rplJ. 
/i,a/3 ^ab 



m„ 



mu 



Mt 



lab 
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p-q 
p-q 



f (m^ - M|) (m/ + {ml + ml) Mf -2 {ml- ml) ' ) 



p-q 



'b_ p(O-) o-M.a/? _ _9 
/i,a/3 ^abc — ^ 



ml+{Aml-2Mf) ml 



■5mt + M^ + 4mlM^]lac, 



m 



p-q 



b piO-) fTt^,aP 
IJ,,af} abc 



s{ml-ml-M^) 



(137) 
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Appendix D 



and d 



(2) 



We detail the computation of the decay parameters d\+^^-^- auLi u.^+^^^_ 
According to fl5^ it suffices to compute the projections of the tensor integrals 
IIHTl) with two tensors 



p(i) 

af3,fj.,al3 ^ 



J (f {e<7ra/. Pp qa P/S " ^^rafM Pp 5/3 Pa 

- (^arPt, Pa qa Pp + C^^^^ pa 9/3 Pa } 



d(2) 
al3,fi,al3 ^ 



^ P'' {e^TMa ga P^ P/3 - e^r/./3 P;3 Pa 

qp Pa P/3 + e^r/x/3 5^ Pa Pa } • 

We establish the results 
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+ 12 (m^-MJ) (m^ + m2 + 3M2)M/ 

+ 6(-m^ + m^ + Mf) (Mf - 

- (mJ - M^)' (ml - 8 (m^ + M^) + 7m: 
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Mff {Mf - 2 (ml -5ml) Mf + {ml - m\ 
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+ 3mlMj{{-3Mj -QMfMj + Mf) ml 
+ {Mj - Mf) (3 M} -mlMj + {ml + Mj) Mf) ) 
2{ml-mtfMt 



+ 6MjMf 
+ {ml 
- {ml 
+ {ml 
+ {Mf 



m, 



m 



Mf - Mj) {3ml -2ml- ml + 3 Mf) Mf 



Mj-Mf) {{5ml-3ml)Mf 
ml) {ml - ml) ) 

Mjf {2mt-mlml-ml{ml + Mf)) 



J. 



abc : 



^ Mj 



%{ml-mtfMt 



m~ — M, 
r2 



Mf - Mj]M. 



Mj 



-3 {ml- ml) {ml - 
-3{ml-ml-Mf) {m, 
- {Mj -Mfy{-2Mf+{ml-6ml + ml) M, 
+ {ml — 17 



+ Mf [ (-2 Mj-5 MfMj + Mf) mt-Qm^ M] 

- {Mj - Mf) {sMj -5MfMj + ml {5 Mj - 2 Mf)) 
+ {mt + Mj ml - 2 Mf) {Mj - Mff 



mu 



Mj 



+ 3mlMj{{3Mj + Ml 
+ 6 Mj Mf [Mf {ml -miy+ {ml - ml) {Mj 



Mj 
Mf 



Mf 



I be 



{ml-miy 



+ ml {Mj - Mf) + {ml - ml) ml {Mj - Mf) ] J^bc , (142) 



82 



and 



and 



{p-q) 



2 p{i) 



(p-q) 



2 p{2) 



3 af3,ij,,af3 



c. 



3 af3,n,af3 \ ^abc 



af3,fj,,al3 



c. 



abc 



^al3,n,al3 
X,abc 



^al3,it,al3 



/ac,(143) 



192 M^fM^P^^^ ^Cff'"^ 



M) 



12 (m^ 



m. 



Mf 



- 12 (ml - ml) {-ml + ml - M^) (m^ - MJ) Mf 

+ ml (m| - M^)' (4 {ml + m^) - 5 + {ml -m^f) M/ 
+ (m^ - M}f {zMf -{7ml-bml + b ml) Mf 
+ {hml + Smlml + ml-2{?>ml + S ml) ml) Mf 

- {ml ~ mlf {ml + ml - ml) ) Mf - 12 {ml - m^f Mj Mf 

- Mj (12 {ml - ml) {ml + ml - ml) (Mf - M|) Mf 



{Mf-Mf)' {Mf-2{ml-5mi)Mf 



m. 



+ (Mf - MjMi) (m^ + {Ami - 2Mf) - 5m^ + Mf 

+ 4(3m^ + m^)Mf))Mf 

+ {Mj MfY {-2Mf+{5ml + 9ml) Mf 



2{2mt -5mf.m: + 3mt] Mf + (m 



m. 



- Mf[2 {Mf + SMfM}-4MfMj + Mf) ml + Um^Mf 

+ (3 {Mf - 9 Mf Mf) Mf + ml{5Mf-A Mf) {Mf - Mff ) m] 



- {Mf - Mf) (12 Mf + m\ {Mf -?>Mf Mf + 2Mf 
-6Mf {Mf + MfMf) - 3ml (4MJ - 13 Mf Mf + 5 Mf Mf) ) ml 
+ 6 mt Mf {ml - Mf) {Mf + Mf) 

+ {ml - Mf) {Mf - Mff (2 Mf -MfMf + ml {Mf + AMf Mf)) 
+ 3mlMf{ (-3 Mf-Q MfMf + Mf 

- (2 {Mf -6MfMf + Mf) Mf 

+ Mf {Mf - Mf) {Mf -MfMf + ml {Mf + 3 Mf)) )' 
+ 6 Mf Mf [{2 {ml -mtfMf-2 ml {Mf - Mf)' 



r4\ 4 

mr. 



ml {Mf - Mf 



83 



-3ml + 2ml + ml -3Mf) {Mf - M}) Mf 
2M^)ml + ml (M^-Sm^)) 



+ {ml 

-K 

+ {ml - ml) {m] - M^y {ml {ml - ml) {ml - ml) 
+ ml {3ml - ml) Mf - {ml + 3ml) M] Mf 



mfj + 2m^ 

2 



mu 



ml 



- {ml + 
+ M]{-2{ml 



mi - mi] M' 



m^ 



Mt + ml {ml + ml + M-) {m^ - Mjf 



+ 



{ml - mtf {3ml + 2ml-3ml + M^) {m^ - Mj) M^) 



J. 



abc 



192 Mj Mf a = Mj 



12 {ml -ml) Mf 
-6{ml- ml) {3ml + ml + Mf) {Mf - M]) Mf 
-6ml {-ml + ml + Mf) {Mf - Mff Mf 
-2{Mf- Mjf {Mt - (5m^ - ml -2ml) Mf 
- 2 (m^ + + {ml -3ml) ml) - ml {ml -6ml + ml)) Mf 
+ 2 ml {m} - Mff {ml - mlf Mf - 12 ml {ml - mlf Mf 
+ 6 {ml- ml) ml {ml - ml - Mf) {Mf - Mf) Mf 
-2 (m| - MfY {-Mf- {ml + ml) Mf + 2{ml - mlf) 



{Mf 



m„ 



M] 



m. 



3Mf+{7ml + 6ml + 5ml)M', 



5 m^ + 6 



m. 



Mf 



m„ 



m. 



+ 2Mf 



{2Mf + 5 Mf M} - Mf) ml + 6mlMj {ml - M] 



+ {{5Mj -7Mf Mj + 2 Mf) ml + 3Mj{3Mj -6 Mf Mj 
+ Mf)) mt + (m| -Mf){- Mjmt + 6Mfml + {m^ -3Mjm] 
+ 3 Mj) Mf) ml + (-2 mt + M| ml + M}) {Mf - MfMf) ' 
-3 ml Mf { (3 Mf + Mf) mt + {ml Mf - {ml + 4 Mf) Mf) ml 
+ Mf {ml + Mf) {Mf - Mf) )] 4 



+ 12 Mf Mi 



Mf - Mffmt + {ml - ml) {Mf M, 



+ [mt 



m. 



Mfml 



ml 



m 



amb) 



ml -ml 



mu 



{Mf - Mf) 



+ {ml -ml + Mf- Mf) {{ml - m^ m^ Mf - m^ {m^ - m^ Mf) 
X ((m^ + mfe mc) Mf - m^ [m^ + m^ Mf) ] Jabc , (144) 



84 



and 



24 Mf 



P. 



(1) 



a 



abc 



X,abc 



Mf -2 {ml- 2ml) Mf 



+ (mt + 4mlml-5mt- (ml + 29 ml) Mj) Mf 
+ 2{mt-Smlml + 2 mt) Mf Mf - (ml - ml) ' MJ 

2AM? 



p{2) I (ja0,tJ.,al3 



{ml + 2-iml + 2MfjMf 



+ 3Mf - (m^ - Gmlml + 5m^ + 2 (ml + ml) Mj) Mf 



(ml 



ml 



ml -ml 



AM]) 



(145) 



and 



and 



48 



M| Mf ml 



,(1) 



D 



(p-q) oil3,IJ.,al3 ab / L V " // * 

+ (6mt-AMjml + nMf + ml (7M|-6m^))M/ 

- Mj (-4 + (4 ml + 7Mj)ml-8 f4 + ml Mf) Mf 



AM', 



+ (ml - ml) Mf (m 
+ Mf[-3Mf+ (3ml + ml) - ml (5 ml + 11 ml) Mj 
+ ml (ml - mlfMj - ( - 3Mj + (Sm^ + 2ml) Mf 



^b \J^a + ^b) Mj + 2 (ml - ml mA 



Mf 



lab 



+ 6mlMjMf (M}-Mf) 



48 



+ + (ml - Mj) Mf] J< 

(3ml + Aml + 2Mj)Mf 

-Mj + A(ml + ml) Mj + 2 ml (ml + m^)) M/ 
+ ( (m^ + m^) + 2 (ml- mff Mj + (mg - ml m,)") Mf 



MjMfml 



2Mj 



-3Mf-2(ml-miyMj 



tab 



- 2 ml ((ma - m,f - Mj) ((m„ + m,f - Mj) Mf U , 



(146) 



Mj Mf ml (1) ^ap,i,,ap 
{p.qY '^a$,^,al3^X,o-b 



Mj 



6Mf- (6ml -Qrnl + 7Mj) Mf 



85 



+ 8 {ml -2 ml) MjUf - [ml - mff M 



+ 



(5 M'f - [7 ml + mf) + 2 [ml- mf) ) Mf 
- M] (4 Mj - (5 + 11 ml) M] + [ml - mlf) 
+ 6 ml M] Mf [-ml + ml + Mf) [Mf - M}) J„,, , 



lab 



12 



^/^fe p(2) r)Bc0,n,ccl3 ^_fur2 



2 [2ml-Aml + 3Mj) Mf 



-bMf+[m 



[ml — ml — 6M 



l-ab 



+ [{ma - m^f - Mj) [{ma + m^f - Mj) Mf U , 



(147) 



and 



and 



48 



,(1) 



.D 



M} 



-Mf'+[2ml-4ml + Mj)Mf 



MjMf 

- (m^ +[4ml + M}) ml-5mt- Mj - 10ml Mj) Mf 

- Mj (m^ + (3 Mj - 8 ml) ml - ml [ml + 5 Mj) ) M/ 
+ [ml - ml) Mj [mt - [ml - 3 M]) ml -5 ml M}) Mf 



[ml- ml) Ml 



lab 



+ [ml + M'j)Mf[-2M}+ [ml - 11 ml) Mj + [ml - ml) M} 



-[-Mj-[ml + 7ml)Mj + 2[ml- 



mi 



Mf 



l-ab 



+ 6mlMj [ml + M]) Mf (m| - Mf) 

M^M? 



-ml + ml + 2Mj - Mf\ Jabb , 

(148) 



48 



+ 



,(2) 



.D 



. qY ^ -'^'^ -M}[-Mt + [ml + + 3 Mf) Mf 

- [ml - mt) M]) [mt - 2 [ml + Mf) ml + [ml - Mf)" 
' - 2 [{ma - mbf - Mj) [{ma + m^f - M}) [ml + M}) Mf 



lab 

lab ■ 



24 Mf 



P. 



(1) 



ml 



{p- q)^ Q/3,/^,"/3 \ - ao ■ 2 

-Mf + 2[ml- 2ml) - [ml + bml) [ml -ml- M]) Mf 



2 [ml -3 ml ml + 2 mf) Mf Mf + [ml - ml) ' Mf 



lab ■ 
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and 



and 



(149) 



24 ^(2) 



= Mf ({ma - m,f - Mf) ({ma + m^f - Mf) (ml -ml- Mf) hb , 



48 



>(i) 



,E 



{p ■ q) "/^'^'"/^ 

+ (ml-ml)M] 



3mlMj 



Mf 



(^l 



2 mi 



ml + Mj 



Mf 



- (mJ - Mf) mt + 2ml (ml + MJ) (mJ - Mf 
-3 ml ml Mj (m| + M^^) + 6 - (m^ - Mf) ^ (m} 



Mt 



+ 3mlMf (mJ - ml) (mJ - M, 
- 6m^ M| [ (m^ - ml) (m| - M^) ml 



lab 



Mf 



J, 



abc 



48A2 (2) 

(p • g) "^"^c 



M 



AMfMj 



Mt) 



m^ 



-(M]-Mf) (ml + Mf)+2mlMf(M] + Mf) 



-Mf 



Mf 



Mf 

4 n/ri 



-l2mlMj 



m„ 



2 (6 + (m^ + M^) (Mf - Mf 

lab 



+ 6m^ (ml - ml) Mf Mf[Mj - (ml + ml -2ml) ^f 
- (-ml + + Mf) Mf] Jabc , 



(150) 



12 M? 



3 ^ ap,iJ.,ap \ ^ab ^ab 



ab 



{p-qY "'^''"'"'^ \ / 

= -Mf [m^ - 2 (m^ + Mj) ml + (m^ - M 



lab 1 



(151) 



and 
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12 M' 



f p(2) 



ml+(4ml-2Mf) ml - 5mt + + Ami Mf 



lab ■ 



3 af3,iJ.,aP xM 



(p-q) 



P. 



(2) 



3 ai3,ix,af3 xM 



-mt+mi + M, 



lab 



(152) 
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Appendix E 



In the following we present the radiative decay amplitudes not given in section 
H We establish 



+ 73 



96/2 my 



48 Pmy ^^"'^^ + 7! 

- ^967^ (^^"^"'' + i ^"^"'0 '-^^ cTl.Av.v) 

-73. 



12/2 my 



-73 



48 /2 my 
ey 6 



'£> 2 

m 



24 /2 my 



+ 73 1^ m^ {m^ J>) + ^ /^S^ p) 

+ mi4i^i^pt.(p,p)}, (153) 



and 



89 



8/ 



^ J KK*'-'KK*K*[P^P) 

, f 1 ^(^;) , 2 , (bi) ^a,8,f.,a/3. x 



12 /mf. ^ 12 /m^ ^ ' 

Ca hp ™^,^,a^/- X , L(bi) rja0,n,af3(f^ ) 

/ip /I {KD 2 , (6i) zr"/3,M,"/3/^ „N 

16 V3 ^ ^ 3 J '''KK* ^KKK* \PiP) 

16 P 



+ T^s{l ^ + i «0 ^f^' (AP) , (154) 



and 



- V3 {A-f{p,p) - p)} 



+ 



3/ 



32 pmv^^ ^ ) KK*^KK*K*\PiP) 



+ 



48 pmy 

hA (i-{Kl) 



32/2 my 



V3^A 3 ) '^KK*^KK*K*\PiP) 

, ™2 /I , 2 ^{K*,)\ Ah,) AM,a/3 . x 

Qpmv ^ ) KK'^KK*K*\PiP) 

8pmv ^ ) KK*^KK*K*\P^P) 



90 



+ 



- V3 ml {e;) p) + /lit) p)} 

+ m^4^^i,^^'l,(p,p)}, (155) 



+ 



+ 



and 



+ 



4/2 

{e^^ cz'ip,p) + \ hi'^ ci;z^P,p)} 



48/2 my ^ '''''' 3 

36 /2 my 

+ iIt^ (p^p) + ^ 

-^J^efhi:^l^C-l^ip,p) 



+ (4ml, - 3m^) (2ef - ef-) h^^% Crl^.(p,p) 

+ J^J^ rnl {e;) C^^^^fip^p) + \ h(^^ C,r/(P-,P)} 



91 



and 



+ V3 



9 pmv 

bA 

72 Pmv 



+ 



12/2 my 



2ml-m'\-efh^'}^C':;'{p,p) 



32 /2 
ev Qd 



{2r + l)h^'i^F^f.ip,p) 



48 p my 



12/2 my I TTp 



144 /2 my 
ey 6d 



(1 + lOr) - 3 (1 + 2r) ^ J h^^% GTl{p,p) 



24/2 my 



(^vrbo ^^___2 .-_2^ j7M,a/9/ 



18/2 my 



ey 6 



D 



{2mj,-mi)hi;;>E!^;,-^{p,p) 
{5ml-3ml){l-2r) h^^^ E^l (p, p) 



+ 



+ 



+ 



288 p my 



48/2my ^ ""^ 
\f2 Ha bA ey 



72 /2my 

{bAfey 
12 p my 



r (2m^ - m^) {v^/iiJi i^i^'.t^fep) - 2/.^^ i^,T/fe^^)} 



m^ {ml h!^^ H^--I^{p, p) + \ml hf^^^ H^^l\p, p) 



+ 



V3 



2 u^hx) fTlJ.,al3 



mr^h 



■iP,P)} 



+ 



^§ji^r{2mj, - ml) {V6mlh^;^% HTMp.p) 



-2{2ml-ml)hl^'^^H^;,f{p,p)}, 



(156) 



.a/3 



ehpmy (ai) 



a: ^77r+ 4 /2 



"KK 



.{ATlip,p)+BrK%ip, 



p 



+ V2 



e hpmy 

~Tp~ 



h^:^ {Kf{P.P) + B^.'p,^i.P.P)} 
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and 



32/2 my WcpiP^Pj 



32 /2my^^ ^ J KK*^KK*K*\P^P) 

32/2 my '^^ WcplP^PJ 



8 /2 my 

-V2^^m^4-)(7r/(p-p) 



8/2 my 



'tt 1^3 + 3 j '^KK*^ KK*K*\PiP) 



32/ 



+ 



16 /2 my 

_ /^_ey6^ 2 > (ai) ^H^ocPf^ \ 
16/2 my " ^^'^^ 



< + (157) 



32/2my ^ ifi^ 



^^\+^^p+ - ^^■^aO-.-ypO - YJ KK* \^KK*,2 \P^P) " ^KK*,2 [P,P)j 

+ {^fk'^fiP^p) - Bf^^'f{p,p)} 

- ^ 1^ ^) - ^ 1^ P) 



93 



^ (2 e-f - e-f /.S^^l. --/(p- p) , (158) 



48/ 



and 



+ V2 ^ Z^^) {iSo"'"'(p,p) - ^:fb"'"^(p,p)} 
+ v^^m^/^i-) {lgr^(p- p) - "''(p- P)} 

gy ^2^1,3 ^ +3^A ) '^KK*^KK''K*\P^P) 
gy^2^V3 ^ ^3^^ ) '^KK''^KK*K*\P^P) 
16 /3 ^ ) '^KK* ^KKK* \PiP) 



and 



8/m^^3^^ 3^^ ) '^KK*'^KK*K'-[P:P) 

8/m^^3^^ 3^^ ) '^KK*'^KK*K*\P^P) 

- ^ tItS (i + i ^^'') >^ii- ^K^r-^.P) , (160) 



and 



94 



+ 



-my 

- (le 



96 /2 my 



3 3 y V o '(-Xp 

+ /iS^ C^Cl {p, p) + V3eA hi^'^l C^';l {p, p) 
+ }^ a;:l. ip, p) + V3eA hf^l C^^fl ip, p) 

+ ^efhf^lC';'^Up,p)} 
96 pmv ^ ^KK'oj[P,P) 

+ /iSi Cr^. (p, p) + V3 /iS^ ip, p) 

+ e-^ hf^l C^r^^, (p, p) + e-^ hf^l C^^^;l ip, p) 

+ -ie-?)/i(^)C,7/.(p-p)} 

+ V~2e'Ph^^:^C'^t,{P.P) 

+ V3 /iS^ Cr^, (p, p) + V3 /i^^ (7^^/. (p, p) 

+ -J= /i^^^i C^f . (p- p) + hf^l C:;';l ip, p) 

94 f2rr7 '-^KK'ujKP^P) 



24/2 my 



95 



+ h^rlx^C'^vu^K* {P, p)+VSeA hf^^C^ripK* iP, P) 



+ 



rpK* 



~^^A '>'r)K*^r)(l>K*\PiP)j 



ey my r 1 (a',) p^,a/3. x _ 5 (^k^) p^,a/3. . 



(i^i) ^/.,a/3 



(4 - r) - (4 + r) ^^1 /^S^ p) 



+ 



I 



2 + ^ 

1 



2 



+ 



2 



(l-r)5(i3 + (l + r) 



iP,P) 



+ 3 



+ 
+ 



(2 - r) + (2 + r) 



{P,P) 



3v^ 
2 V2 



(2 + 5 r) - 3 (2 + r) /i^^i G'^'^Sip, p) 



(2 - r) - (2 + r) gp 



96 /2 my 



{ - A/3r (m^ + ml) hf^l E^J?{p,p) 

+ 4V3mlh^ffE^^f{p,p) 
+ Smlh^^t^Erf(P,p) 



+ 



5 



- m 



K 



(2-r) hf^.E^'^^{p,p) 



+ 



-AV2rmlh^^:^E'ilf{p,p)} 

(2 - r) { i/X'^. (p- p) + V3 /.Sf^^ //--^..(p, p) 



96 p my 



^ '''Ku> ^KK*ui\P:P) ^j^"'r)K* ^r)K*K*\PiP) 



,(^1) ttP^olP 



+ 



2APmy 



(2 - r) {V^ml hf^l H^'^^^.{p,p) 



96 



- ^ (4 mi - 3 ml) hfj^l H'^^'k'k* {p, p) 

+ V2mlh^^l^H^^f.^{p,p)}, (161) 



and 

e h 



+ V2/.if^^igf,'/f(p-p)} 

^ {(4mi - 3m^) /.f^^ ^'^-^(p- p) 

- ml hf^l (2 A^ler (p,p) + f;^'^(p- p 



e6 

+ 



+ 



^eAhf^lcSt*-^(p,p) + ^. 



V33 



"I 7^ (l °^ ~ I 6^ ) ^Kp^ Ckk*p^{PtP) 



a/2 ^(Ki)^aAM,a/9/ 



97 



+ ^ eA hf^l C^^ti-^V. V)^^eA hf^l C^lii'^^v, p) 



- i p A h 

16 P 



^^efh^^^^Ef--\p^p) 

3 ^ / "'Trif* ^■kKK* \PiP) 
i^r^K* -'^TjKK* [P^P)} 

+ ^ {e. /.SS^ Etr'iP^p) + I eA h^^H Ef--^ip,p) 
+ ^efhfiEf--^[p,p) 

- ^ e!f /.f^^) ' (162) 



,.0 = ^ {atAp,p) - BZ^iP.p)) 

- x/3 /.S) CZ^. {p, p) + V3eA hf^l C^^/, (p, p) 



98 



+ 



flA 



96 my 



+ hf^i c>:;:i. ip, p)-V3 CA hf^i {p, p) 

-2V2e^i'^^h^^:^C>;^t,{p,p) 

+ i= (7^f . (p- p) - /ijl^) C^^f . (p, p) 

+ ^ /^jj '^r](l>K* IP) PJ / 

+ ^eAh'^K'Cr,^K'iP,P) - y^^Ah\KiC^pK.{p,p) 



(1 -r) ey /ip (Ki) 



+ hf^^' {3 hy D^^'^^iP, p) + /^y D,T*'(p- p) } 

- ^Jp^^ ^i^p 'fep) + \{r + l) hf^l F!:^.^{p,p) 



99 



ev 



+ \ {r-l)hf^}F^£S{p,p)} 
{ - ^ [ (1 + - (3 - r) gp] hf^l G^^f.{p,p) 



IGpmv ^ ^/3 



2 



rgo-rgp 



{l + r)gD+ {l-r)gF 



7 (JCi) /^p.,al3 
"'Kuj ^Kuj 



2V2 



(1 - 5 r) - 3 (1 - r) gA hf$. G^^'^?{p,p) 



ev b 



96 P mv 



3 

3 



h^KiGT,'{p,p)} 



+ 



hA bA ev 
96 p mv 



{hAfev 
24/2 my 



(1 + r) go - gp 

-r) K + m^)/.SEX^(p,p) 

(5m?, - 3m^) (1 + r) /i^^^^ 
-4x/2rm^/.if^)i?^^ffep)} 

(1 + r) m^ {V3 hA*{P.p) + ^3 4^^^ p) 

I u{Ki) TTP,aP /- N ^ 7 (i^i) 7:7-M,Q/3 /- ^, 

^ "■Ku> ^KK*uj\PiP) ^j^'''r)K'' ^r)K*K''\PiP) 

+ V2h^^^,^HrK%{p,p)} 
(1 + r) ml {x/3m^ /.^i K'k^k*{p,p) 

+ V3m'^h^^;'^H^A^.^ip,p) 

+ <h^K:]HrlMp) 



-^{^ml-?>ml)h'-^>m^^, 
+ V2mlh^^l^H^^-/.,{p,p)}, 



(163) 



and 



100 



- ^i^fT^ (4 - 3 O ^^kI {3 m\ hy D-^-?^ip, p) 



2 \/2 (X*) (;^^) ^aA/x,a/3/ 



4 



4 



^ 2 ^A '''ri K* ^ri(l>K* \PiP)] 



+ ^ { - eA h^^^J Etr'iP.p) + I hS Ef-S^P^p) 



2 '^A "'K(t> ^Kri<l> 

2 

2 /,iKi) 
3^3 



+ 1^ { - e-A + ^ e. h^t^ Et;r'{p,p) 



101 



+ 

+ 
+ 



+ /^if^^ {/^A p) + 4 6^ FSr^(p- p) } , (164) 

where 

iT^^^eA + ] (2-^]evhA, (165) 

4- \ m , / 



and 



and 



^ 1 \ , (d>) ^ ( \ / 2 m% — ml . 



ej^ = CA+^eyhA, e^A = ^a + ^ ] ey Ha ■ (167) 



We identify my = 776 MeV with the average of the p and u mass. Contribu- 
tions proportional to nip — mi,^ are neglected. 
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